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Abstract

Granular representations of crisp and fuzzy sets play an important role in rule induction algorithms based on rough set theory.
In particular, arbitrary fuzzy sets can be approximated using unions of simple fuzzy sets called granules. These granules, in turn,
have a straightforward interpretation in terms of human-readable fuzzy “if..., then...” rules. In this paper, we are considering a fuzzy
rough set model based on ordered weighted average (OWA) aggregation over considered values. We show that this robust extension
of the classical fuzzy rough set model, which has been applied successfully in various machine learning tasks, also allows for a
granular representation. In particular, we prove that when approximations are defined using a directionally convex 7-norm and its
residual implicator, the OWA-based lower and upper approximations are definable as unions of fuzzy granules. This result has
practical implications for rule induction from such fuzzy rough approximations.
© 2021 Elsevier B.V. All rights reserved.
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1. Introduction

Rough sets were introduced by Pawlak [1] to deal with inconsistencies within information tables where objects are
described by a set of attributes. Pawlak’s approach produces two sets, called lower and upper approximation, which
represent elements being, respectively, necessarily consistent (lower approximation), and possibly consistent (upper
approximation) with knowledge contained in the information table. The original theory was designed to deal with
nominal attributes, and relies on an equivalence relation, expressing indiscernibility between elements. Greco et al.
[2] extended the original theory with their Dominance-based Rough Set Approach (DRSA) allowing attributes to have
ordinal value sets, and replacing the indiscernibility relation with a dominance relation. To distinguish between both
approaches, Pawlak’s original theory is also called the Indiscernibility-based Rough Set Approach (IRSA).
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On the other hand, fuzzy set theory [3] studies the gradual truth of logical statements, and is used extensively in
modeling imprecise and vague information. The combination of fuzzy sets and IRSA was first proposed by Dubois
and Prade [4], allowing to approximate fuzzy sets using a fuzzy indiscernibility relation. A similar extension of DRSA
to fuzzy set theory was proposed by Greco et al. [5].

It is well-known that the classical definitions of fuzzy rough sets in both the indiscernibility and dominance case are
vulnerable to noise, in a similar way as their crisp counterparts: small fluctuations in data may cause huge changes in
membership values of the approximations. For this reason, various robust versions of the fuzzy rough approximations
were proposed [6—10]. In this paper, we focus on the Ordered Weighted Average (OWA) approach, which was shown
to the be the most noise tolerant among a variety of robust fuzzy rough set models in [11].

Both IRSA and DRSA are very useful from the point of view of granular computing, as they possess a so-called
granular representation; indeed, lower and upper approximations can be represented as unions of simple sets or gran-
ules, induced from the data [12]. In contrast to crisp sets, the granular properties of fuzzy rough sets do not stem
directly from the proposed definitions. Degang et al. [13] were the first to show that fuzzy IRSA has indeed a gran-
ular representation which means that fuzzy rough approximations can be represented as a union of simple fuzzy sets
or fuzzy granules. Later, Yao et al. [14] pointed out that the symmetry of the fuzzy relation is not essential for the
granular representation, and hence it can be extended to fuzzy DRSA as well.

The granular representation of rough sets and fuzzy rough sets is in particular very useful from the perspective
of rule induction. The problem of rule induction for classification tasks amounts to generating a set of rules which
relate description of objects by subsets of attributes with particular decision classes. Basic granules, from which rough
sets and fuzzy rough sets are composed, can be interpreted as human readable “if..., then...” rules, and can be used to
construct a rule based inference system as a prediction model. Well-known examples of rule induction algorithms are
the LEM2 algorithm [15] for IRSA, and the DomLEM algorithm [16] for DRSA. Similarly, the granularity of fuzzy
rough sets has also been used for rule induction. In this case, we obtain a fuzzy inference system, with flexible fuzzy
rules instead of strict crisp rules [17,18]. The main advantage of fuzzy rules is that they can model complex shapes of
data, and still keep an intuitive interpretation of those shapes.

In this paper, we distinguish concepts of rough approximations and granular approximations. While rough approxi-
mations are constructed based on the assumption that two elements should relate identically (or similarly) on condition
and decision attributes in data, granular approximations are constructed based on the representability of sets by means
of granules. We prove that these two concepts are equivalent in IRSA and DRSA, as well as in fuzzy IRSA and fuzzy
DRSA, under certain conditions on the fuzzy connectives. Moreover, as our main contribution, we show that under
certain conditions on the logical connectives, OWA-based fuzzy rough approximations also possess such a granular
representation. As a consequence, this robust extension of fuzzy rough sets naturally induces a set of associated fuzzy
rules.

The remainder of this paper is structured as follows. In Section 2, we recall some required preliminaries about
fuzzy sets and rough sets, and unify the definitions of IRSA and DRSA for practical purposes into the Preorder-based
Rough Set Approach (PRSA). Section 3 introduces the notion of a granularly representable set, and investigates its
relationship with definable sets and rough approximations. In this way, we provide a new view on granularity of sets
in general, and on the relationship between granularity and rough approximations. In Section 4, we define granularly
representable fuzzy sets and provide analogous propositions as for the crisp case. Section 5 deals with the granularity
of OWA-based approximations, while Section 6 goes deeper into the topic of characterizing convex #-norms which
are crucial for the representation. Section 7 contains our conclusion and outlines a future work.

2. Preliminaries
2.1. Fuzzy logic connectives and fuzzy relations

In this subsection, the definitions and terminology are based on [19].

Recall that a 7-norm T : [0, 11> — [0, 1] is a binary operator which is commutative, associative, non-decreasing in
both parameters, and for which holds that Vx € [0, 1], T (x, 1) = x. Since a 7-norm is associative, we may extend it
unambiguously to a [0, 1]* — [0, 1] mapping for any n > 2.

We say that a f-norm has an idempotent element x € [0, 1] if 7(x,x) = x. 0 and 1 are called trivial idempotent
elements. Also, we call a £-norm Archimedean if
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Table 1
Some common #-norms.
Name Definition
Minimum Ty (x,y) = min(x, y)
Product Tp(x,y) = Xy
Lukasiewicz Tr(x,y) = max(0,x +y—1)
. _ min(x, y) if max(x,y) =1
Drastic Tp(x,y) = { 0 otherwise
. . _ min(x, y) if x+y>1
Nilpotent minimum Tam(x,y) = { 0 otherwise
Table 2
Residual implicators of the #-norms from Table 1.
Name Definition
B _ 1 ifx<y
Godel Iy (. 3) B { y otherwise
1 ifx<y
Goguen Irp (. 3) B { L otherwise
Fukasiewicz I, (x,y) = min(1, 1 —x +y)
. y ifx=1
Drastic Irp (6. 3) - { 1 otherwise
. .. 1 ifx<y
Nilpotent minimum I, (X, ) { max(1 — x, y) otherwise

VM(x,y) € (O, 1)2)(EIn > | Tx,...,x) <y
n times

Some commonly used ¢-norms are listed in Table 1. Tp, 71 and Tp are Archimedean, while Ty, and T,,5s are not. It
is well-known [19] that a continuous #-norm is Archimedean if and only if it has only trivial idempotent elements.

Related to the notion of #-norm is that of a copula. A (bivariate) copula C is a [0, 11> — [0, 1] mapping which sat-
isfies the boundary conditions Vx, C(0,x) = C(x,0) =0, C(1,x) = C(x, 1) = x, and the 2-increasingness property:
Cx,W+CKx,y)=Ci',y)+C(x,y) forall x > x" and y > y'.

Some ¢-norms are copulas, while others are not: for example, Ty, Tp and Ty, are copulas, while Tp and T, are
not. Vice versa, there also exist copulas which are not 7-norms.

An implicator (or fuzzy implication) I : [0, 12> 1[0,1]is a binary operator which is non-increasing in the first
component, non-decreasing in the second one and for which holds that 7(1,0) =0,7(0,0) =10, 1)=1(1,1)=1.

The residuation property holds for a #-norm T and an implicator I if T(x,y) <z < x <I1(y,z). It is well-known
that the residuation property holds if and only if T is left-continuous and 7 is defined as the residual implicator of T,
that is

I(x,y)=sup{r €[0,1]: T(x, %) < y}.
The proposition below recalls some useful properties that hold in this case.

Proposition 2.1. Let T be a left-continuous t-norm, I its residual implicator, x, y, z € [0, 1]. It holds that:

a. T(x,I(x,y)) <y,
b. I(T(x,y),z) =1(x,1(y,2)).

Table 2 contains the residual implicators of the #-norms from Table 1. Note that all of them, except for Ir,,, satisfy
the residuation property.

Given a non-empty set U, a fuzzy relation RonUisa mapping R :U x U — [0, 1] which indicates how much
two elements from U are related. Some relevant properties of fuzzy relations include the following:
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° R is reflexive if Yu € U, R(u u) =1.

° R is symmetric if Yu, v € U, R(u v) = R(v u).

e R is T-transitive w.r.t. f-norm T if Yu,v, w € U it holds that
T(R(u,v), R(v,w)) < R(u, w).

A reflexive and T -transitive fuzzy relation is called a fuzzy T-preorder or fuzzy T-dominance relation. If it is also
symmetric, it is called a fuzzy T-equivalence relation.

2.2. Rough sets

We first recall Pawlak’s definition of IRSA [1]. Let U be the set of objects and E an equivalence relation on U,
which is also called indiscernibility relation. With [u]g we denote an equivalence class of E containing element u.
Lower and upper approximations of set A are defined as:

apr (A)={ueU: [ulp CA}, aptg(A)={ucU: [ulgNA#DH).

In DRSA [2], approximations are based on a dominance relation D which is a preorder, i.e., a reflexive and transitive
binary relation on U. The sets which are approximated in DRSA are so-called upward and downward unions of
objects. Without going into the detail of their specific construction (for this, we refer, e.g., to [2]), let A € U be some
upward union. Its complement A = U \ A will then be a downward union by construction. By D™ (1), we denote
the set of elements v for which it holds that (v, u) € D, while by D™ (1) we denote the set of elements v for which
(u, v) € D. The DRSA approximations of A and A€ are then given by:

apr (A)={ueU: DT(u) C A}, apip(A)={uelU: D™ (w)NA#H},
apr (A)={ueU: D) CU}, aprp(A)={uel: D u)NA#0H).

As we can see, if D is a symmetric relation then DV (1) = D™ (u) and the approximations are reduced to the IRSA
definition. So, we may conclude that DRSA is a generalization of IRSA. As mentioned, DRSA is only applied to
upward or downward unions, and this specification is purely motivated by the practical applications of DRSA. As it
does not affect any theoretical property of the DRSA approximations, for further use we will introduce the Preorder-
based Rough Set Approach (PRSA) in which DRSA is applied to a general set instead of an upward or downward
union.

The question might be raised whether PRSA should use the approximations of A or those of A from the DRSA
definitions. However, we may see that they are in fact equivalent: the approximations of A may be obtained from
those of A by replacing relation D with its inverse relation D~!. Therefore, let R be a preorder relation and let
RY(u)={veU, (v,u) € R} and R~ (u) = {v € U, uRv}. The lower and upper PRSA approximations of set A C U
are defined as:

apr,(A)={ueU: RY () C A}, aprg(A)={uelU: R™(u)NA#H).

We list some important properties of PRSA which will be used later. All the proofs may be found in [20] and in its
references.

e (inclusion): apr, (A) C A Caprp(A),
e (exact apprOXImatlon) apr (A)=A & A=aprp(A),
e (idempotence) apr , (apr ~(A)) = apr r(A), aprR(aprg(A)) =aprg(A).
2.3. Fuzzy rough sets
There exist multiple definitions of fuzzy rough sets. The initial one given by Dubois and Prade [4] evolved into
many versions, and an overview was presented in [11]. The main differences among them refer to the following two
aspects:

e the fuzzy relation used,
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e type of fuzzy set connectives.

Depending on the selection of relations and connectives, different fuzzy rough approximations exhibit different prop-
erties. Therefore, we first need to determine which fuzzy relation and which type of fuzzy connectives will be suitable
for our task. For the question of which fuzzy relation to use, we follow the intuition of the relations used in the crisp
case (equivalence for IRSA, and dominance for DRSA). As mentioned, the granules obtained from the IRSA and
DRSA approximations have nice interpretations in the form of the human-readable “if..., then...” rules. We want to
transfer that interpretability property to the fuzzy case too. So, we will focus only on fuzzy IRSA and fuzzy DRSA.
On the other hand, the connectives which are used in the definitions are a f-norm 7" and an implicator /. As mentioned
in [11], all relevant properties of rough sets can be maintained when 7T is a left-continuous 7-norm and [ is its residual
implicator, so we will keep that assumption throughout this paper.

Given a fuzzy T -equivalence relation E on U, the lower and upper approximations of a fuzzy set A in U in fuzzy
IRSA are defined as:

apr2™! (A)(u) = inf(I (E(u, v), A(v)): v € U),
aper (A)(u) = sup(T (E (u, v), A(v)); v € U).

In fuzzy DRSA, we are approximating fuzzy upward and downward unions. Definitions and examples how to construct
such sets in practice appear in [20], but are not important for the current exposition. Let A € F(U) be a fuzzy upward
union, then the construction ensures that the fuzzy set complement coA is a fuzzy downward union. Let Dbea fuzzy
T -dominance relation. The approximations of A and coA are given as:

apr2™! (A)(u) = inf(I (D (v, u), A(v)); v € U),

aprg’ (A)(u) = sup(T(D(u. v), A(v): v € U),
apr™ (coA)(u) = inf(I (D(u, v), (coA)(v)); v € U),
aprl“’ (coA)(u) = sup(T (D (v, u), (coA)(v)); v € U).

Adding symmetry to D reduces both fuzzy DRSA definitions to the fuzzy IRSA definition, in the same way as in
the crisp case. Hence, fuzzy DRSA is a generalization of fuzzy IRSA provided it is applied to a general fuzzy set
instead of an upward or downward union. We will refer to this general case as fuzzy PRSA. As before, the definitions
using A and coA are equivalent: indeed, the second definition may be obtained from the first one using the inverse
fuzzy relation D!, defined as D~ Yu,v) = D(v u). Hence, let Rbea fuzzy T -preorder. The lower and upper PRSA
approximations of a fuzzy set A € F(U) are defined as:

aprt™! (A) () = inf(I (R(v, u), A(v)); v € U),
apry”" (A)(w) = sup(T (R(u, v), A@)); v € V).

As before, we list some important properties of the fuzzy PRSA, some of which will be needed later. All proofs
may be found in [11,20] and in its references.

e (inclusion) Vu € U: apriﬂf*l (A)CAC msyp T( A).
o (exact approximation) apr’s"/ (A) = a_Pr;?L‘lp "=
. (ldempotence) It holds that apr‘Ef I (apr‘Ef Tay = @ilgfs’ (A),

— S — T
apry” @pry" (A) =apry" (A).

2.4. OWA-based fuzzy rough sets

In the definitions of fuzzy PRSA, we used operators inf and sup to aggregate different values. Such an approach
suffers from a lack of robustness since inf and sup values may be achieved in some outlying points, which may
significantly affect the approximations. Because of that, a softer version of inf and sup operators was introduced in

terms of Ordered Weighted Average (OWA) operators [21]. We recall the definition of OWA.
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Definition 2.1. [22] The OWA aggregation of set V of n real numbers with weight vector W = (w1, wa, ..., wy),
where w; € [0, 1] and X7_,w; = 1, is given by

n
OWAW (V) = wvg),

i=1

where v(;) is the i-th largest element in the set V.

Different weights are used for softer versions of inf and sup. When sup is replaced, the larger values are among the
initial elements of vector W while for the replacement of inf, the larger values are at the end of the same vector. By
W1 we denote a weight vector replacing inf, while Wy, refers to a weight vector which replaces sup. Following that,
we have the definition of OWA-based fuzzy PRSA.

apryt ! (A)(u) = OWAw, ({1 (R(v, 1), Aw)); v € UY),

apry V" (A)(u) = OWAw, ({T (R(u,v), Aw)); v € U}).
Properties of such defined OWA-based fuzzy rough approximations may be found in [11,20]. Our goal in this paper
will be to prove that these approximations may be represented as a fuzzy union of simple fuzzy sets, under the
condition of convexity for the involved fuzzy logic connectives.

3. Granular view of PRSA

Granular properties of IRSA have been discussed in [23], while a similar analysis was carried out for DRSA in
[24]. More recently, the granular representation of DRSA was also studied from the perspective of covering-based
rough sets in [25]; in particular, the notion of a definable set was introduced as a union of elementary sets or granules:
equivalence classes [u]g in the case of IRSA, and sets D™ (u) and D™ (u) in the case of DRSA.

In this section, we investigate the granular representation of PRSA from a new viewpoint of granular approxima-
tions. We introduce the notion of a granularly representable set: a set which can be disintegrated into building blocks
that are interpreted as human readable rules. Let U be the set of objects and let A C U. Let R be a preorder relation
on U and R*(u) = {v € U; (v, u) € R}. We say that set A is granularly representable w.r.t. relation R if

A= U R (u).

ueA

The blocks R™ (1) may be interpreted as indiscernibility rules in case of IRSA, or monotonic rules in the case of
DRSA. Optimality of the rules in the sense of a minimal number of blocks covering A is not guaranteed, and while
there exist ways to reduce the number of building blocks of A, this falls outside the scope of the present paper. Here,
we focus on the link between granular representability and rough approximations.

Proposition 3.1. Ser A is granularly representable if and only if@R (A) = A =aprg(A).

Proof. For the right side of the equivalence it is enough to prove or assume that @R(A) = A since it holds that
apr R(A) = A & A =aprp(A) due to the exact approximation property.

(=) Assume that A is granulary representable. For u € A we have that also R (1) € A which leads to u € apr R (A).
Hence A C apr R (A). Combining that with the inclusion property, we have that apr R (A) = A.

(<) Assume that apr, (A) = A. We have that

ueAiuegR(A):RJr(u)gA.

So we have that _J R (u) C A. On the other hand, from the reflexivity of R it holds that A C U R*(u). Therefore,
ueA UeA
A is granularly representable. 0O

Corollary 3.1. apr R (A) and aprgr (A) are granularly representable sets.

117



M. Palangetié, C. Cornelis, S. Greco et al. Fuzzy Sets and Systems 440 (2022) 112-130

Proof. This follows from the idempotence property of lower and upper approximation. [
Corollary 3.2. We may write the rough approximations in the granular form:

apr,(A) = R @) :ueU. R @) S A}, aprg(A) = JIRT () :u € A}
Proof. We have that:

apr (A) = JIRT (), u e apr (A)) = JIRY ) :u e U, R () < A},

since u € @R(A) & ueUA RY(u) C A. For the upper approximation, from the definition we have that
aprg(A) = [ J{R" (1), u € aprg(A)}. From the inclusion property we know that A C aprz(A) so we may conclude
that ( J{R" (u),u € A} C|J{R" (1), u € aprg(A)}. For the opposite direction we have the following:

ve | JIRT (). u € aptg(A)} & Ju € aprp(A). v € RT (1)
SueU R W)NA#£B,ve R (1)
SIweA,weR (W) AvER (n)
s3IweA ue R (w)Ave R ()
=3JweA,ve R (w)
svel JIRT@).ueA).

where for the implication we use the transitivity of R. So, we conclude that also |J{R"(u),u € aprg(A)} C
(U{R™ (1), u € A} which gives us the desired result. O

Corollary 3.3.

R*(u) S A& R () Capr (A).

Proof. The (<) part is obvious because of the inclusion property. (=) is a consequence of the definition of the
granular representation and Corollary 3.2. O

Proposition 3.2. Let A C U and R a preorder on U. The largest granularly representable set contained in A is
@R(A), while the smallest granularly representable set containing A is aprg(A).

Proof. Let B be some granularly representable set containing A. We have that

aprg(A) = JIRY @) :ue Ay S| JIRYw):ue B} =B

Since aprg(A) is contained in every granularly representable set containing A, aprp(A) is the smallest such set since
it also contains A by the inclusion property. On the other hand, let C be a granularly representable set contained in A.
We have that:

ueC=>R+(u)gC:>R+(u)gA=>ueapr (A).

So we conclude that C C apr, (A). Since apr apr, (A) contains every granularly representable set contained in A, apr, (A)
is the largest such set since 1t is also contained in A by the inclusion property. O

In conclusion, we saw that for every set A and preorder R there is a granular enclosing in the form of rough
approximations. They represent families of building blocks which are necessarily (lower approximations) or possibly
(upper approximation) contained in A. This may be further translated into possible and certain rules induced from
aprg(A) and apr R (A), respectively, as done using LEM2 (for IRSA) or DomLEM (for DRSA) algorithms.
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4. Granular representation of fuzzy PRSA

In this section, we extend the granular representation from the previous section to fuzzy sets and relate it to the
fuzzy rough set definitions. Let Rbea fuzzy T -preorder relation. We replace R™ (1) from above with fuzzy set R+(u)
where the membership degree of v € U is given by R(u, v). Granular properties of fuzzy rough approximations were
first introduced in [13], where the authors defined a parameterized family of fuzzy granules:

R () = {(v, T(R(v,u), \)); v € U}, (1)

where A is a real parameter from [0, 1]. In the original work, R was also symmetric, but later on it was noticed
that symmetry does not contribute to the granular properties of fuzzy rough approximations. We observe that Eq. (1)
is not the only possible way to define fuzzy granules. An alternative was proposed in [26], using implicators and
coimplicators. However, in order to extend the granular representation introduced in the previous section, we will
focus on the original formula (1).

The idea that a set A is granularly representable if it is the union of building blocks R*(u) with u € A can be
fuzzified by putting A = A(u) in Eq. (1). In particular, we call A € F(U) granulary representable if

A= U{Ej(u)(u); ueU}.

We first prove two simple lemmas necessary for future proofs.
Lemma 4.1. For A1 < A and for u € U we have that:
R ) c R (u).
Proof. Obvious from the monotonicity of a f-norm. 0O

Lemma 4.2.

Rfw) c Ao n<ap™ (A)w).

Proof. We use the residuation property:

R (u) CA&YveU, T(R(v,u), ) <A(v) & Yve U, A< I(R(v,u), A(v))
& A< inf I(R(w,u), Aw)) & 1 <apr® T (A)w). O

Next, we prove the main result about the granular representability of fuzzy sets.

Proposition 4.1. Fuzzy set A is granularly representable w.r.t. relation R if and only it is definable, i.e., aprILIf ! (A) =
A =apryP T (a).

Proof. As before, for the right side of equivalence it is enough to prove or assume that aTr;%lp’T(A) = A since

aprle lAy=ae A= a_prsilp (A) due to the exact approximation property.
(:>) Assume that A is granular]y representable. For v € U, we have that

A@) = sup(T(R(v, ), A@); u € U) =8prg"" (A)(v).
(&) Assume that a_prS]%lp " (A) = A. Then by the same reasoning, we find that A is granularly representable. 0O
Corollary 4.1. @ijgf’l (A) and a—pri%lp’T(A) are granularly representable.
Proof. This follows from the idempotence of lower and upper approximations. O
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Corollary 4.2. We may write the fuzzy rough approximations definitions in the granular form:
apr™ (A) = | IR y: RF @y € A}, @prg " (A) = J{Raw ).
Proof. For the lower approximation we have that:
RS @): R @) € Ay = IR @): & < apr2™ (A) ()}
= U{ﬁgig“(m(u)(“)} =apr ' (A).

The first equality holds because of Lemma 4.2 while the second one because of Proposition 4.1. For the upper approx-
imation, it follows directly from the definitions:

R aw) ()} = sup(T (R(u, v). Aw):u € U) =aprg"" (A). O

Corollary 4.3.

Rfu) < A Bf @) caprlt™ (4).

Proof. The (<) part is obvious since the lower approximation is a subset of the approximated set. (=) is a conse-
quence of the definition of the granular representation and Corollary 4.2. O

Proposition 4.2. Let A € F(U) and Ra fuzzy T -preorder. The largest fuzzy granularly representable set contained
inf, [

in Ais apry (A), while the smallest granularly representable set containing A is WS]%IP’T (A).

Proof. Assume that there is granularly representable set B containing A. We have that:

apry”" (A)(@) = sup(T(R(u, v), A()): v € U)
< sup(T(R(u, v), B(v)); v € U) = B(u).

Hence @%’p’T(A) C B. Since a_prsgp’T(A) is contained in every fuzzy granularly representable set containing A,

ﬁ?p'T(A) is the smallest such set since it also contains A by the inclusion property.

On the other hand, assume that C is a fuzzy granularly representable set contained in A. We have that
aprz ! (A)(u) = inf( (R(v,u), AW)). v € U) = inf(I (R(v,u), C(v)). v € U)
=apr?™ (C) () = C(w).

Since @%ﬁ’[ (A) contains every fuzzy granularly representable set contained in A, gigf’l (A)(u) is the largest such

set since it is also contained in A by the inclusion property. O

As we saw before, for any fuzzy set A, there is a fuzzy granular enclosing composed of fuzzy rough approximations.
With that we obtain families of fuzzy building blocks which may be interpreted as certain and possible fuzzy rules.
Concrete examples of fuzzy rough rule induction may be found in [17,18].

5. Granules and their interpretation

As we mentioned before, granules are important from the perspective of rule induction. We keep granules simple,
such that one granule corresponds to one rule. Since a granularly representable set is a union of granules, it can be
seen as a union of rules, so it is fully readable by a human. With granules in PRSA and fuzzy PRSA we are able to
identify four types of rules: two types for the crisp case (IRSA and DRSA) and two types for the fuzzy case (fuzzy

IRSA and fuzzy DRSA).
We first discuss IRSA granules and rules. Assume we are given an information table as a 4-tuple < U, Q U
{d},V, f > where U = {uy,...,u,} is a finite set of objects or alternatives, Q = {q1, ..., qn} is a finite set of con-

dition attributes, d is a decision attribute, V = UycouayVy, Where V; is a domain of attribute ¢ € Q U {d} and
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Fig. 1. Crisp approximations with equivalence relation. (For interpretation of the colors in the figure(s), the reader is referred to the web version of
this article.)

f:U x QU{d} — V is an information function such that f(u,q) € V, for each u € U and g € Q. Since we are
dealing with classification problems, we require that | V| is finite. We assume for the moment that V,, contains only
categorical values without quantitative meaning (categories like: cat, dog, house ...). We are able to construct an equiv-
alence relation E among objects based on identity as (u,v) € E if f(u,q) = f(v,q), Yg € Q. Two objects relate if
they are identically evaluated on all condition attributes.

In Fig. 1, we show an example of binary classification (| V| = 2) where 250 objects (points) are separated by the
elliptical curve into interior and exterior classes. The equivalence classes in the set of objects are represented by the
squares in the figure (35 equivalence classes). The lower approximation of the interior class is marked with light
blue color, while its upper approximation is the union of light green and light blue squares. The approximations are
granularly representable sets so they are equal to the union of the equivalence classes of their objects. We notice
that we can choose one granule per representative element for each equivalence class. Therefore, the interior can be
represented as a union of three classes as we can see in the figure. Each such granule can be seen as a rule. Since
equivalence classes consist of objects with equal values on all attributes, the rules have the following form:

IF att; = val; AND ... AND att,, = val,,, THEN decision is dec.

9 <

Here “att”, “val” and “dec” are abbreviations for “attribute”, “value” and “decision”. The lower approximation gener-
ates certain rules, while the upper approximation generates possible rules.

We continue with rules obtained from DRSA. We now assume that data are ordinal, i.e., there exists a total order
>4 on domain V; of every attribute ¢ € Q and on d. From this, we may induce a dominance relation D defined as
(w,v) € D& u>4v, Yq € Q. We denote DT (u)={veU: (v,u) € D}, which will play the role of DRSA granules.

Using DRSA, we can approximate upward and downward unions, which are sets of objects having at least, resp. at
most, a particular value of the decision attribute. By the granular representation, their lower and upper approximations
are unions of granules. Using the simple property that (u,v) € D = D™ (v) € D™ (u), we can eliminate redundant
granules (those contained in a bigger granule) and reduce the number of granules covering lower and upper approxi-
mations. The rules which can be obtained in this case are called monotonic rules which have the following form for
upward unions:

IF att; > val; AND ... AND att,, > val,, THEN decision is at least dec.

Here valy, ..., val, are obtained from the attribute values of the generating object of that particular granule. Analo-
gously, rules with opposite direction (<) can be constructed for downward unions.

Next, we assume that our data are numerical. This data type contains measurable information collected in number
form. It does not contain numerical codes of categories which are of nominal type.

Such numerical data have ordinal properties that can be captured by the DRSA approach, but additionally one can
also measure similarity between instances. Assume Eq is a fuzzy T-equivalence relation on U for attribute ¢. To
construct the relation over all attributes we aggregate particular values: E(u, v) = Tyeg E, (1, v). We may use some
other aggregation operator here, but the use of the 7-norm is motivated by the fact that T-transitivity is preserved in
this way. In Fig. 2, we show the widely used triangular similarity, defined by:
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Fig. 2. Triangular similarity.

B0, ) = max (1 e - f(v,q)|7o>‘

range(q)

where range(q) is the range of the attribute ¢ and A > 0 is a shrinking parameter.

In Fig. 3, we show an example of granularity of the lower approximation. In this example triangular similarity,
Lukasiewicz t-norm and its R-implicator are used. The top-left sub-figure shows a fuzzy set denoted by the blue line
together with its lower approximation, denoted by the green line. The top right sub-figure contains examples of a few
granules that can be extracted from the lower approximation.They are represented by red triangles with points on their
top. We displayed only seven granules, but in reality every object generates its own granule. We may see that some
granules are included in others (small triangles inside the bigger ones), so we may safely remove them since they do
not contribute to the granular representation of the lower approximation. In the bottom-left subfigure, we see the same
example where redundant granules are removed. Sometimes, we want to obtain an even smaller number of granules
in order to reduce the number of rules. For example, we may impose the condition that every object which belongs to
the lower approximation to degree at least 0.5, is covered by some granule with degree at least 0.5. In the bottom-right
image, we show the reduced set of granules which satisfies this condition.

If we assume that we use IRSA on crisp decision classes, we can induce the rules of the form:

IF att; ~ val; AND ... AND att,, ~ val,, THEN decision is dec,

where ~ stands for expression “is similar to”. Here, as before, valy, ..., val,, are obtained from the object which
generates the granule.

The fourth type of rules corresponds to fuzzy DRSA. Again, we assume that we have numerical data and in this
case we also take into account their ordinal properties. A fuzzy T-dominance relation may be constructed from a
fuzzy T -equivalence relation on a particular attribute as:

B . y) ifx>y
x9 = ~ .
gty E;(x,y) otherwise.

It is easy to check that such fuzzy relation is indeed reflexive and T-transitive. It induces two regions: the region
of strict dominance and the region of similarity. Hence, the interpretation of rules which correspond to the granules
obtained from fuzzy dominance relation is “greater or similar” (“lower or similar” for the opposite direction). If we
assume that we use fuzzy DRSA on crisp upward unions, then the induced rules are of the form:

IF att; = val; AND ... AND att,,, > val,, THEN decision is at least dec.

Here, 2 stands for the expression “is greater or similar”, and valy, ..., val,, are obtained from the object which

>~

generates the granule.
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Fig. 3. Example of lower approximation and its granules.

6. Granular representation of OWA based approximations

In practice, data collected for real machine learning problems may be represented as unknown values plus noise.
If the amount of noise is negligible, we can use the standard fuzzy PRSA approach to calculate rough and granular
approximations. In the opposite case, we require noise-tolerant methods. As already mentioned in the introduction, the
OWA-based approach was identified as the most robust known fuzzy rough approach. OWA-based PRSA will yield
different lower and upper approximations. Since the purpose of the approach is to reduce the influence of the noise as
much as possible, we may interpret these new approximations as (standard) PRSA approximations of some unknown
“real” fuzzy set. As such, we would like to be able to treat them as granular approximations too. In this section, we
will prove that under specific conditions, OWA-based fuzzy rough approximations are granularly representable fuzzy
sets.

From Proposition 4.1, we already know that a fuzzy set has a granular representation if and only if it is equal to its
standard fuzzy rough approximations. Therefore, we should find out under what conditions it holds that:

apri (aprg! (A)) = aprg™ ! (A). aprg” " @pry”"" (4) =apr”" (A).

To this aim, we recall some definitions and properties about convexity for binary fuzzy logic connectives.

Definition 6.1.[27] We say that a binary operator H : [0, 1] x [0, 1] — [0, 1] is convex (concave) if for all
Xx1,x2,y1, ¥2 € [0, 1] and wy, wy € [0, 1] such that w; + wy = 1 holds that:

H(wix1 + waxp, wiyr +woy2) < (=) wiH (x1, y1) + waH (x2, y2).
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Definition 6.2. [27] We say that a binary operator H : [0, 1] x [0, 1] — [0, 1] is midpoint convex (concave) if for all
X1, X2, y1, ¥2 € [0, 1] holds that:

x X H(x, H (x>,
H(l 2 yl+%)§(z) (1y1)+ (2y2).

2 272 2 2

Proposition 6.1. [27] A continuous midpoint convex (concave) t-norm is convex (concave).

Definition 6.3. [28] We say that a binary operator H : [0, 1] x [0, 1] — [0, 1] is directionally convex or D-convex
(directionally concave or D-concave) if it is a convex (concave) function in both of its arguments, i.e., for all x1, x5,y €
[0, 1] and wy, wy € [0, 1] such that w; + wy = 1 holds that:

H(wix1 +waxz,y) < (=) wiH(xy,y) +wyH(xz,y) and
H(y, wix; +wzx2) < (=) wiH(y, x1) +w2H(y, x2).

This definition expresses that the partial mappings of H are convex (concave) functions. We prove a simple propo-
sition:

Proposition 6.2. Every convex (concave) operator is also D-convex (D-concave).
Proof. Just take x; = xo = x or y| = y» = y in the previous definitions. [

The reverse implication is not necessarily satisfied. Now, we formulate and prove the following important result.
Proposition 6.3. Let T be a convex left-continuous t-norm and let I be its R-implicator. Then I is concave.

Proof. Assume we are given x1, X2, y1, y2, wi, w2 € [0, 1] such that w; + wy = 1. We have to prove that

wil (x1, y1) +wal (x2, y2) < I(wix1 + wax2, wiyr + wayz).

Using the residuation property, we can express this condition as

T(wil(xy, y1) + w2l (x2, y2), wix) +waxz) < wiyr + ways.

By the convexity of 7 we have that:

T(wil(x1,y1) +wal(x2, y2), wixy +wax2) <wi T (x1, 1 (x1, y1)) +w2T (x2, 1 (x2, y2)).

Using Proposition 2.1a., we have that

T (x1, I(x, y1) < yrand T (x2, I (x2, y2)) < y2.
which completes the proof. O

Proposition 6.4. Let T be a D-convex left-continuous t-norm and I its R-implicator. Then I is concave in its second
argument.

Proof. Similarly as for Proposition 6.3. O
We recall the following well-known inequality from calculus which will be needed further on.

Proposition 6.5 (Jensen’s inequality). [29] Let f : R — R be a convex (concave) function. Let x1, ..., x, be real
numbers and w1, ..., wy real weights which sum up to 1. Then we have

Swixr + -+ wpxy) < () wi f(x1) + -+ wn f (xn).
Before we proceed to the main theorem, we provide the following easily verified algebraic result.
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Proposition 6.6. Let {a; j,i € {1,...,n}, j €{1,...,m}} be a matrix. Then we have that

1nf E aj,j > E ir}fai,j, sup E a;, j < E supa; ;.
j j o i !

Theorem 6.1. Let T be a D-convex left-continuous t-norm and 1 its R-implicator. Then for every A € F(U) it holds
that

inf, Wi, 1 Wi, 1 ——sup, T — Wy, T —Wy,T
aprd™ ! (aprt (A)) = aprgt'(A),  apry’ @prg' (A)) =aprg” (A).

Proof. Observe that using T -transitivity of R we find

Yw e U, R(v,u) > T(R(v, w), R(w,u)) => R(v,u) > sup T(R(v, w), R(w, u)).

welU

First, we provide the proof for the lower approximation. From the inclusion property we know that
apry ' aprg"" (4)) € aprt ! (4).

We proceed to prove the opposite inequality. Due to Proposition 6.4, I is a concave function in its second argument,
to which we can apply Jensen’s inequality. We find:

aprit (A)Yw) =Y wyl (R, u), A(v))

vel
=< Z wy ! (sup T(ﬁ(u, w), ﬁ(w, u)), A(v))
vel wel
< ;wvui)ggl (T(R(v, w), R(w, u)), Aw))
< inf Z;wvl (T (R, w), R(w, ), Av))

Jgfungl (R(w, u), 1(R(v, w), A(v)))

IA

inf 1 (ﬁ(w, u), Z wyI (R(v, w), A(v)))

vel

. 5 Wi, 1
inf 1 (R(w, ). aprif* (A)(w))

=apr'2™! apr¥! (A))(u).

The first inequality follows from T -transitivity of R and the monotonicity of /. The latter is also used in the second
inequality. The third one holds because of Proposition 6.6, while the equality in the fourth step is due to Proposi-
tion 2.1b.

Next, we provide the proof for the upper approximation. From the inclusion property we have that:
T Wy, T Wy, T
apry™” (aprg" (4)) 2aprg”™ (A).

We proceed to prove the opposite inequality, using similar arguments:

aprV T (A)w) = w, T(R(u, v), A(v))

velU
> w,T <sup T(R(u, w), R(w, v)), A(v))
velU welU

= Z Wy Sup T(T(R(u,w), R(w,v)), A(v))

vel welU

125



M. Palangetié, C. Cornelis, S. Greco et al. Fuzzy Sets and Systems 440 (2022) 112-130

> sup Y w, T(T(R(u, w), R(w,v)), A(v))

welU vel

=sup Y w,T(R(u,w), T(R(w, v), A(v)))
wel oy

> sup T (E(u, w), > wyT(R(w, v), A(v)))
welU

velU

sup T (ﬁ(u, w),@gU’T(A)(w))

welU

=apri” @pr¥ " (A)w). O

Therefore, using Corollaries 4.2 and 4.3 we have the following granular representation of the OWA-based approx-
imations.

apryt ! (A) = JIR.(w) : Ry(w) Sapryt! (a)),
apry " (A) = JiRu(w) : Ryw) caprg”” (4)).

With this result, we can conclude that OWA-based approximations are not only robust fuzzy rough approximations,
but also robust granular approximations. The question remains which connectives preserve the granularity property,
or in other words, which left-continuous 7-norms are also D-convex.

7. Partial characterization of D-convex #-norms

Convexity is a crucial property for the granularity of the OWA-based operators. The general characterization of
convex t-norms is still an open problem, but D-convex 7-norms with some additional characteristics may be well
characterized. The results in this section are mainly an adaptation of the existing work on characterizing convex
copulas [30].

Assume that we have a continuous D-convex ¢-norm 7. For a t-norm it is known that it is continuous as a function
of two variables, if and only if its partial mappings are continuous [19]. From basic calculus we know that convex
functions are continuous on the interior of the domain, which is in this case the interval (0, 1) [31]. However, we may
have a discontinuity at the points 0 and 1. An example of a discontinuous D-convex #-norm is the drastic t-norm Tp.

In this section, we want to characterize left-continuous D-convex ¢-norms. The following proposition shows that
such ¢-norms are necessarily continuous.

Proposition 7.1. Every left-continuous D-convex t-norm is continuous.

Proof. As we noted before, a D-convex 7-norm can only have discontinuities in O or 1. Moreover, a left-continuous
t-norm cannot have a discontinuity in 1. Hence, the only possibility is that it is discontinuous in 0. However, we will
prove that the partial mappings of any 7-norm are right-continuous in 0.

Let ¢ € [0, 1] be a constant. For every € > 0, we need to find § > O suchthat x —0<§ = T(x,c) — T(0,¢) <
€& x <6 = T(x,c)<e. Taking § = €/2 we have that

x <€/2 = T(x,c) <min(x,c) <min(e/2,c) <€/2 <¢€

which is true. From this, we conclude there is no discontinuity in 0, i.e., T is continuous in [0, 1]. O

We proceed with the characterization. First, we show that 7' cannot have any non-trivial idempotent element.
Assume that it has an idempotent point z € (0, 1). From [19], we may then conclude that T (x, z) = min(x, z) for
all x € (z, 1]. However, it is easy to see that the function f(x) = min(x, ¢) is not convex for any constant ¢ € (0, 1],
so T is not a D-convex 7-norm. Because of that, we have a contradiction, and 7' cannot have idempotent points. In
particular, the minimum t-norm 7T, is not convex.
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Under the assumption of continuity, 7 does not have idempotent points if and only if it is Archimedean [19]. Since
T is a continuous Archimedean #-norm, it has a unique representation [19]:

T(x.y)=f~ min(f @)+ (). £O)),
where f is a decreasing generator, i.e., f : [0, 1] — R™ is a strictly decreasing continuous [0, 1] — [0, +o00] mapping
for which f(1) =0.
In [30], necessary and sufficient conditions for D-convexity of Archimedean copulas are derived. Here we repeat
the proof, adapting it for #-norms.

Theorem 7.1. Let T be a continuous Archimedean t-norm with a twice differentiable generator f. Then T is D-convex
if and only if 1/’ is a convex function.

Proof. We have a representation of 7' from above as:

T(x,y) = f~"(min(f(x) + (), £(O0))).

Since f is twice differentiable, T" is D-convex if and only if Ty, (x, y) > 0 and Tyy(x, y) > 0 for all x, y such that
fx)+ f(y) < f(0), where Ty, is the second partial derivative for the first component, while Ty, is the second partial
derivative for the second one. Due to the symmetry of 7', it suffices to show that T, > 0. We find:

F S @)+ FON) — F O f(f ‘(f(x)+f(y)))
NS+ O3

It holds that f/(x) < 0 since f is a strictly decreasing function, so the condition that Ty, (x, y) > 0 is equivalent to

'@ U@+ FO))
Fe? 7 /U @+ FOm?*

We introduce a new variable u = f_l (f(x) 4+ f()). From the definition we conclude that u = f_1 (fx)+ f(y) <
F~1(f(x)) = x due to the fact that f~! is also a strictly decreasing function. Now the condition above becomes

1o _ 1w
f/()C)2 T

We have that - or (();)2 =—( f/l( ) )’, so the above condition may be rewritten as

AN AN
> . @)
(f’(x)) (f’(u)>

Note that for a fixed x, u can take any value smaller or equal to x. Indeed, from the condition that f(x)+ f(y) < f(0),
it follows that y takes values from the interval [ f —I( f(0) — f(x)), 1]. Using this as a domain for y, we have that the
function u(y) = f~H(f(x) + f(y)) is a bijective mapping [ f~'(f(0) — f(x)), 1] to [0, x]. So for every u < x, we
can choose some y to obtain u.

Tex(x,y)=

!
Since u may take all the values smaller or equal to x, we have that the condition (2) states that <%) is an

"
non-decreasing function. This is further equivalent to (%) > (0 which means that ( ; is a convex function. O

Example 7.1. We present a way to construct a generator satisfying the conditions of the previous theorem. The con-
struction is also inspired by [30] but adapted here to f-norms. Let g : [0, 1] — [0, oc] be a convex function with
g(1) > 0. Then the generator can be constructed as:

1

Fo=[ =
™
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By the positivity of g, we ensure that f is a decreasing function, while its convexity ensures that % is a convex
function.

To illustrate that our adaptation of the work from [30] brings new knowledge, we need to show that there exists a
D-convex ¢-norm which is not a copula. The following example confirms this.

Example 7.2. In Example 7.1 take g(u) =2 — u. We have the following:

1

f(X)=/21

X

du=—log(2 —1)+1log(2 — x) =log(2 — x),
u

while f~!(x) =2 — ¢*. Using such generator, we construct the associated -norm:
T(x,y)=2— emin(log(2fx)+log(27y),log(2)) =2 _ elog(min((fo)(ny)J))
=2-—min(2—-x)2—-17y),2) =maxQx+y—1) —xy,0).

If we take values x = 0.5, y = 0.9, x’ = 0.4, y' = 0.8, we can see that the 2-increasingness property does not hold, i.e.

Tx,)+T&,y)<T&,y)+T(x,y).

which means that T is not a copula.
Furthermore, we can easily check, with the same values, that T is not midpoint convex, which is equivalent to
stating that it is not convex.

Example 7.3. We check the D-convexity of the left-continuous #-norms from Table 1.

e Lukasiewicz r-norm T (x, y) = max(x 4+ y — 1, 0) is D-convex since its partial mappings are a composition of a
linear function and max, which are both convex. It was proven in [32] that T}, is even convex.

e Product t-norm Tp(x, y) = xy is D-convex because its partial mappings are linear functions.

e From the above exposition, we already know that the minimum #-norm 7y;(x, y) = min(x, y) is not D-convex.

e The nilpotent minimum #-norm

min(x,y) ifx+y>1,
TnM(x» y) = .
0 otherwise.

is not D-convex because its partial mappings have discontinuities in the interior (0, 1) of its domain.
8. Conclusion and future work

In this paper, we have studied the granular representability of crisp and fuzzy sets w.r.t. a (fuzzy) preorder relation.
We introduced the notion of a granularly representable (fuzzy) set as a union of simple granules, where granules
represent the fuzzy equivalence or dominance classes of individual objects. As our main contribution, we proved that
OWA-based fuzzy rough approximations are granularly representable sets when we use D-convex left-continuous
t-norms and their residual implicators for calculating the approximations. From that perspective, we may conclude
that OWA-based fuzzy rough approximations are also granular approximations. Finally, we characterized continuous
convex ¢t-norms and we presented a method how to construct them.

Our future work will explore the direction of rule induction. We have seen that granules may be interpreted as
fuzzy rules and we want to investigate if such rules can lead to better classification models. Some of the challenges to
tackle include:

e Finding a proper induction algorithm to reduce the number of covering rules.
e Reducing the length of individual rules: a rule does not have to include all attributes in its condition part. For this

task we may benefit from rough and fuzzy rough reducts.
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e Inducing different sets of covering rules as basic classifiers and using them in ensemble classifiers.
e Merging different rules in order to get less rules which would cover larger portions of objects.
e Evaluating how the OWA-based approach may improve the accuracy of classification.
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