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Classical (fuzzy) rough sets exhibit sensitivity to noise, which is particularly undesirable for 
machine learning applications. One approach to solve this issue is by making use of fuzzy 
quantifiers, as done by the vaguely quantified fuzzy rough set (VQFRS) model. While this idea 
is intuitive, the VQFRS model suffers from both theoretical flaws as well as from suboptimal 
performance in applications. In this paper, we improve on VQFRS by introducing fuzzy quantifier-

based fuzzy rough sets (FQFRS), which proposes an intuitive fuzzy rough approximation operator 
that utilizes general unary and binary quantification models. We show how several existing 
models fit inside FQFRS, as well as how it inspires novel ones. Additionally, we propose several 
binary quantification models to be used with FQFRS. Furthermore, we conduct a theoretical 
study of their properties, and investigate their potential by applying them to classification 
problems. In particular, we highlight the effectiveness of Yager’s Weighted Implication-based 
(YWI) binary quantification model, which induces a fuzzy rough set model that is both a 
significant improvement on VQFRS, as well as a worthy competitor to the popular ordered 
weighted averaging based fuzzy rough set (OWAFRS) model.

1. Introduction

Fuzzy quantification is an important research topic in fuzzy logic [1–4]. It studies quantified sentences such as “Most Dutch 
people are tall” and “Nearly half of the S&P 500 stocks are down 10%”. Quantifiers are an effective tool to describe the quantity of 
elements that satisfy a certain condition. This is especially true if the condition is of a vague nature, as for example in the quantified 
sentence “Most Dutch people are tall”, since the quantity of elements satisfying a fuzzy condition (being tall) is hard to assess. The 
two most studied types of quantifiers are unary and binary quantifiers, unary quantifiers being of the form “𝑄1 elements are 𝐴” (e.g., 
“Some people are tall”) and binary quantifiers taking the form “𝑄2 𝐴’s are 𝐵’s” (e.g., “Most Dutch people are tall”, assuming the 
universe consists of all people). The first evaluation method for fuzzy quantified statements was introduced by Zadeh [5]. His idea 
was to define a cardinality measure for fuzzy sets to evaluate the quantity of elements satisfying a condition. The problem with this 
approach is that the cardinality measure is cumulative, implying that a situation involving two people with a degree of tallness of 
0.5 is regarded equivalent to one with one tall person (tallness 1) and one short person (tallness 0). An improved evaluation method 
was proposed by Yager [6], which is based on the Ordered Weighted Averaging (OWA) operator [7]. This method is semantically 
more reasonable for unary quantifiers but still lacks soundness for binary quantifiers. To resolve these issues, Glöckner [8] developed 
a general framework for fuzzy quantification. In this framework, fuzzy quantifiers are fully determined by how they act on classical 
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(i.e., non-fuzzy) sets and by the choice of a quantifier fuzzification mechanism (QFM). A QFM thus reduces the evaluation of any 
quantified statement to the evaluation of quantified statements with crisp arguments. Besides these quantification models, many 
others were proposed, such as the more recently introduced [9–11], which use a probabilistic interpretation of fuzzy sets, more 
formal logic and relativization (i.e., an operation to go from unary to binary quantifiers), respectively to construct new evaluation 
methods.

An important application of fuzzy quantifiers is in (fuzzy) rough set theory. Fuzzy rough sets (FRS, [12]) emerge as a combination 
of fuzzy sets [13] and rough sets [14]: while the former model vague information by recognizing that membership to certain concepts, 
or logical truth of certain propositions, is a matter of degree, the latter handle potentially inconsistent information by providing a 
lower and upper approximation of a concept with respect to an indiscernibility relation between objects. Fuzzy rough sets extend 
rough sets by allowing both the concept as well as the indiscerniblity relation to be fuzzy. In rough set theory, the lower and 
upper approximation contain all objects that are certainly, respectively possibly part of the concept. The condition for belonging 
to the lower and upper approximation in rough sets may be expressed using fuzzy quantifiers. For example, classically an object is 
a member of the lower approximation of a concept if all objects indiscernible from it also belong to the concept. Here, instead of 
the traditional universal quantifier, one may use a fuzzy quantifier like “most”. The purpose of such a relaxation is to introduce a 
measure of tolerance towards inconsistency into the approximations, making them more robust, which is particularly relevant for the 
applications based on them [15]. This idea was first explored in vaguely quantified fuzzy rough sets (VQFRS, [16]) and was recently 
revived by the introduction of Choquet-based fuzzy rough sets (CFRS, [17]). It has also been shown [17] that Ordered Weighted 
Averaging (OWA) based fuzzy rough sets (OWAFRS, [18]) can be interpreted naturally in terms of fuzzy quantifiers. Apart from 
these models, other alternatives for robust fuzzy rough sets have been introduced. Among these approaches, the 𝛽-Precision FRS 
proposed by Fernández Salido et al. [19,20], the Variable Precision FRS by Mieszkowicz-Rolka et al. [21], and the Variable Precision 
(𝜃, 𝜎)-FRS [22] by Yao et al., introduce parameter(s) to control the precision of approximations in rough set theory, allowing for 
more flexible and customizable handling of uncertainty and imprecision in data analysis. Furthermore, Hu et al. [23] introduced 
Soft FRS, which adopts an approach inspired by soft-margin SVM. Another approach is the Probability Granular Distance based FRS 
[26], proposed by An et al., which replaces the similarity measure between samples with that between granules. The Automatic 
Noisy Sample Detection FRS presented by Hadrani et al. [24] is another approach that addresses the challenges of noisy data within 
the context of rough sets. The Data-Distribution-Aware FRS introduced by An et al. [25] takes into account the underlying data 
distribution, recognizing the importance of considering data characteristics to enhance the accuracy and effectiveness of rough 
set-based analyses. Lastly, we mention the inclusion-based FRS introduced by Huang et al. [27].

In this paper, we introduce novel fuzzy rough approximation operators, called fuzzy quantifier-based fuzzy rough sets (FQFRS), 
that take the idea behind VQFRS and CFRS one step further. It does this by using general binary and unary quantification models to 
determine the lower and upper approximation of a concept, respectively. The motivation behind this is that VQFRS and CFRS make 
use of inadequate fuzzy quantification models. For example, the VQFRS model is based on Zadeh’s quantification approach, which is 
known to have several shortcomings [8]. In addition, the lower and upper approximations use the same quantification model, and as 
we will show, this is not a good strategy. These flaws may deteriorate the performance and/or interpretability of applications based 
on them.

The remainder of this paper is structured as follows. In Section 2, we recall the required prerequisites for fuzzy rough sets and 
fuzzy quantification. In Section 3, fuzzy quantifier-based fuzzy rough sets (FQFRS) are introduced and their relation with existing 
models is investigated. Section 4 discusses different (novel) binary quantification models that can be used with FQFRS to acquire 
improved fuzzy rough set models. In Section 5, we evaluate the performance of FQFRS with different binary quantification models 
in the scope of a classification algorithm that uses the lower approximation, and compare them with OWAFRS. Section 6 concludes 
this paper and describes opportunities for future research.

Finally, we mention that a small part of the results discussed in this paper are contained in the conference contribution [28].

2. Preliminaries

2.1. Fuzzy logic

We will denote the set of all fuzzy sets on 𝑋 as ̃(𝑋). Throughout this paper, we assume 𝑋 is finite.

Definition 2.1. An element 𝑅 of ̃(𝑋 × 𝑋) is called a fuzzy relation. A fuzzy relation 𝑅 is called reflexive if 𝑅(𝑥, 𝑥) = 1 for every 
𝑥 ∈𝑋. For an element 𝑦 ∈𝑋 and a fuzzy relation 𝑅 ∈ ̃(𝑋 ×𝑋), we define the 𝑅-foreset of 𝑦 as the fuzzy set 𝑅𝑦(𝑥) ∶=𝑅(𝑥, 𝑦).

For a fuzzy set 𝐴 ∈ ̃(𝑋) and 𝛼 ∈ [0, 1], we will denote the 𝛼-cut and strict 𝛼-cut of 𝐴 as follows

𝐴≥𝛼 = {𝑥 ∈𝑋 |𝐴(𝑥) ≥ 𝛼}, 𝐴>𝛼 = {𝑥 ∈𝑋 |𝐴(𝑥) > 𝛼}.

We will denote Zadeh’s sigma-count [29] of a fuzzy set 𝐴 ∈ ̃(𝑋) as

|𝐴|Σ ∶=
∑
𝑥∈𝑋

𝐴(𝑥).
2
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Definition 2.2.

• A conjunctor is a binary operator  ∶ [0, 1]2 → [0, 1] which is increasing in both arguments and satisfies (0, 0) = (0, 1) = 0 and 
(1, 𝑥) = 𝑥 for all 𝑥 ∈ [0, 1]. A t-norm is a commutative and associative conjunctor.

• A disjunctor is a binary operator  ∶ [0, 1]2 → [0, 1] which is non-decreasing in both arguments and satisfies (1, 0) =(1, 1) = 1
and (0, 𝑥) = 𝑥 for all 𝑥 ∈ [0, 1]. A t-conorm is a commutative and associative disjunctor.

• An implicator is a binary operator  ∶ [0,1]2 → [0,1] for which (0, 0) = (0, 1) = (1, 1) = 1, (1, 0) = 0 and for all 𝑥1, 𝑥2, 𝑦1, 𝑦2 in 
[0,1] the following holds:

1. 𝑥1 ≤ 𝑥2 ⇒ (𝑥1, 𝑦1) ≥ (𝑥2, 𝑦1) (non-increasing in the first argument),

2. 𝑦1 ≤ 𝑦2 ⇒ (𝑥1, 𝑦1) ≤ (𝑥1, 𝑦2) (non-decreasing in the second argument),

If (1, 𝑥) = 1 for all 𝑥 ∈ [0, 1],  is called a border implicator. The Kleene-Dienes implicator is defined as 𝐾𝐷(𝑥, 𝑦) ∶= max(1 −𝑥, 𝑦).
• A negator is a unary operator  ∶ [0, 1] → [0, 1] which is non-increasing and satisfies  (0) = 1 and  (1) = 0. The standard negator 
¬ is defined by ¬(𝑥) ∶= 1 − 𝑥 for 𝑥 ∈ [0, 1].

• Suppose  is an implicator. The function  defined by

 (𝑥) = (𝑥,0), ∀𝑥 ∈ [0,1],

is called the negator induced by .

• Suppose  is a t-conorm and  is a negator. The mapping

(𝑥, 𝑦) = ( (𝑥), 𝑦), ∀𝑥, 𝑦 ∈ [0,1],

is called the S-implicator induced by  and  .

For any binary operator  ∶ [0, 1]2 → [0, 1] we will denote its extension to fuzzy sets (i.e., ̃(𝑋)2 → ̃(𝑋)) with the same symbol, 
i.e.,

(𝐴,𝐵)(𝑥) ∶= (𝐴(𝑥),𝐵(𝑥)) , ∀𝑥 ∈𝑋.

2.2. Fuzzy rough sets

Rough sets, first introduced by Pawlak [14], model uncertainty that is associated with indiscernibility. Here, indiscernibility is 
defined with respect to an equivalence relation, and two elements are called indiscernible if they are in the same equivalence class. 
Indiscernibility arises naturally in information systems, where two elements are considered indiscernible if they are equivalent (or 
similar) with regard to a set of attributes.

Definition 2.3. An information system (𝑋,) consists of a finite non-empty set 𝑋 and a non-empty set of attributes , where each 
attribute 𝑎 ∈ is a function 𝑎 ∶ 𝑋→ 𝑉𝑎, with 𝑉𝑎 the set of values the attribute 𝑎 can take. A decision system is an information system 
(𝑋, ∪ {𝑑}), where 𝑑 ∉ is called the decision attribute and each 𝑎 ∈ is called a conditional attribute.

Definition 2.4. [14] Let 𝐴 be a subset of 𝑋 and 𝑅 an equivalence relation on 𝑋. The lower and upper approximation of 𝐴 with respect 
to 𝑅 are defined as:

𝑎𝑝𝑟
𝑅
𝐴 =
{
𝑥 ∈𝑋| [𝑥]𝑅 ⊆ 𝐴

}
= {𝑥 ∈𝑋| (∀𝑦 ∈𝑋) ((𝑥, 𝑦) ∈𝑅 ⟹ 𝑦 ∈𝐴)}

𝑎𝑝𝑟𝑅𝐴 =
{
𝑥 ∈𝑋| [𝑥]𝑅 ∩𝐴 ≠ ∅

}
= {𝑥 ∈𝑋| (∃𝑦 ∈𝑋) ((𝑥, 𝑦) ∈𝑅 ∧ 𝑦 ∈𝐴)} .

The pair 
(
𝑎𝑝𝑟

𝑅
𝐴, 𝑎𝑝𝑟𝑅𝐴

)
is called a rough set.

For fuzzy sets and fuzzy relations, the lower and upper approximations can be extended as follows:

Definition 2.5. [30] Given 𝑅 ∈  (𝑋 ×𝑋) and 𝐴 ∈  (𝑋), the lower and upper approximation of 𝐴 w.r.t. 𝑅 are defined as:

(apr
𝑅
𝐴)(𝑥) = min

𝑦∈𝑋
(𝑅(𝑥, 𝑦),𝐴(𝑦)), (1)

(apr𝑅𝐴)(𝑥) = max
𝑦∈𝑋

(𝑅(𝑥, 𝑦),𝐴(𝑦)), (2)

where  is an implicator and  a conjunctor.

2.3. OWA-based fuzzy rough sets

A downside to the classical definition of lower and upper approximation in fuzzy rough set theory is their lack of robustness. The 
value of the membership of an element in the lower and upper approximation is fully determined by a single element because of 
3
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the minimum and maximum operators in the definition. To solve this undesirable behaviour, many alternative definitions of fuzzy 
rough sets were introduced. One of these is the OWA-based fuzzy rough set model [18], which has been shown to have an excellent 
trade-off between performance (robustness) and theoretical properties [31]. The Ordered Weighted Average [32] is an aggregation 
operator that is defined as follows:

Definition 2.6 (OWA). Let 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛}, 𝑓 ∶𝑋→ℝ and 𝐰 = (𝑤1, 𝑤2, … , 𝑤𝑛) be a weighting vector, i.e., 𝐰 ∈ [0, 1]𝑛 and ∑𝑛
𝑖=1𝑤𝑖 =

1, then the ordered weighted average of 𝑓 with respect to 𝐰 is defined as

OWA𝐰(𝑓 ) ∶=
𝑛∑
𝑖=1

𝑓 (𝑥𝜎(𝑖))𝑤𝑖,

where 𝜎 is a permutation of {1, 2, … , 𝑛} such that

𝑓 (𝑥𝜎(1)) ≥ 𝑓 (𝑥𝜎(2)) ≥⋯ ≥ 𝑓 (𝑥𝜎(𝑛)).

In OWA-based fuzzy rough sets, OWA operators replace the minimum and maximum in the lower and upper approximations in 
classical fuzzy rough sets.

Definition 2.7. [18] Given 𝑅 ∈ ̃(𝑋 ×𝑋), weight vectors 𝐰𝑙 and 𝐰𝑢, and 𝐴 ∈ ̃(𝑋), the OWA lower and upper approximation of 𝐴
w.r.t. 𝑅, 𝐰𝑙 and 𝐰𝑢 are given by1:

(apr
𝑅,𝐰𝑙

𝐴)(𝑥) =𝑂𝑊𝐴𝐰𝑙 ((𝑅(𝑥, 𝑦),𝐴(𝑦))) , (3)

(apr𝑅,𝐰𝑢𝐴)(𝑥) =𝑂𝑊𝐴𝐰𝑢 ((𝑅(𝑥, 𝑦),𝐴(𝑦))) , (4)

where  is an implicator,  a conjunctor and (𝑅(𝑥, 𝑦), 𝐴(𝑦)) and (𝑅(𝑥, 𝑦), 𝐴(𝑦)) are seen as functions in 𝑦.

2.4. The Choquet integral

The Choquet integral induces the class of all comonotone linear aggregation functions [33]. Since we view the Choquet integral 
as an aggregation operator, we restrict ourselves to measures (and Choquet integrals) on finite sets. For the general setting, we refer 
the reader to e.g. [34].

Definition 2.8. Let 𝑋 be a finite set. A function 𝜇 ∶ (𝑋) → [0, 1] is called a monotone measure if:

• 𝜇(∅) = 0 and 𝜇(𝑋) = 1,

• (∀𝐴, 𝐵 ∈ ((𝑋))(𝐴 ⊆ 𝐵 ⟹ 𝜇(𝐴) ≤ 𝜇(𝐵)).

A monotone measure is called symmetric if 𝜇(𝐴) = 𝜇(𝐵) when |𝐴| = |𝐵|.
Definition 2.9. [34] Let 𝜇 be a monotone measure on 𝑋 and 𝑓 ∶𝑋→ℝ a real-valued function. The Choquet integral of 𝑓 with respect 
to the measure 𝜇 is defined as:

∫ 𝑓 d𝜇 =
𝑛∑
𝑖=1

𝜇(𝐴∗
𝑖 ) ⋅
[
𝑓 (𝑥∗𝑖 ) − 𝑓 (𝑥∗

𝑖−1)
]
,

where (𝑥∗1 , 𝑥
∗
2 , … , 𝑥∗𝑛) is a permutation of 𝑋 = (𝑥1, 𝑥2, … , 𝑥𝑛) such that

𝑓 (𝑥∗1) ≤ 𝑓 (𝑥∗2) ≤⋯ ≤ 𝑓 (𝑥∗𝑛),

𝐴∗
𝑖 ∶= {𝑥∗𝑖 , … , 𝑥∗𝑛} and 𝑓 (𝑥∗0) ∶= 0.

The following proposition provides an equivalent definition of the Choquet integral:

Proposition 2.10. [34] Let 𝜇 be a monotone measure on 𝑋, 𝑓 ∶𝑋→ℝ a real-valued function. Then the following holds (using the notation 
of Definition 2.9):

∫ 𝑓 d𝜇 =
𝑛∑
𝑖=1

𝑓 (𝑥∗𝑖 ) ⋅
[
𝜇(𝐴∗

𝑖 ) − 𝜇(𝐴∗
𝑖+1)
]
,

where 𝜇(𝐴∗
𝑛+1) ∶= 0.

1 In [18], some additional requirements were enforced on the OWA weights, but as we showed in [17], these requirements do not lead to any useful additional 
theoretical properties, hence we omit them here.
4
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We recall that OWA operators are equivalent to Choquet integrals w.r.t. symmetric measures.

Proposition 2.11. [33] The Choquet integral with respect to a symmetric measure 𝜇 is the OWA operator with weight vector 𝐰 = (𝑤𝑖)𝑛𝑖=1 =
(𝜇(𝐴𝑖) −𝜇(𝐴𝑖−1))𝑛𝑖=1, where 𝐴𝑖 denotes any subset with cardinality 𝑖. Conversely, the OWA operator with weight vector 𝐯 = (𝑣𝑖)𝑛𝑖=1 is a Choquet 
integral with respect to the symmetric measure 𝜇 defined as

(∀𝐴⊆𝑋)(𝜇(𝐴) ∶=
|𝐴|∑
𝑖=1

𝑣𝑖).

Note that this allows us to redefine OWAFRS as follows:

(apr
𝑅,𝜇𝑙

𝐴)(𝑦) = ∫  (𝑅(𝑥, 𝑦),𝐴(𝑥)) d𝜇𝑙(𝑥), (5)

(apr𝑅,𝜇𝑢𝐴)(𝑦) = ∫ (𝑅(𝑥, 𝑦),𝐴(𝑥))d𝜇𝑢(𝑥) (6)

where 𝜇𝑙 and 𝜇𝑢 are two symmetric measures.

2.5. Fuzzy quantification

Glöckner [8] defines vague quantifiers in two steps. The first step is the specification of the vague quantifier on crisp sets, i.e., 
to specify the “underlying” semi-fuzzy quantifier. The second step is to extend this description to fuzzy arguments, i.e., to apply a 
quantifier fuzzification mechanism (QFM).

Definition 2.12. [8] An 𝑛-ary semi-fuzzy quantifier on 𝑋 ≠ ∅ is a mapping 𝑄 ∶ ((𝑋))𝑛 → [0, 1]. An 𝑛-ary fuzzy quantifier on 𝑋 ≠ ∅ is 
a mapping �̃� ∶

(̃(𝑋)
)𝑛

→ [0, 1]. The restriction of �̃� to crisp sets is called the underlying semi-fuzzy quantifier of �̃�, and is denoted 
by  (�̃�).

Definition 2.13. [8] A QFM  assigns to each semi-fuzzy quantifier 𝑄 ∶ ((𝑋))𝑛 → [0, 1] a corresponding fuzzy quantifier  (𝑄) ∶(̃(𝑋)
)𝑛

→ [0, 1].

We first recall Zadeh’s and Yager’s traditional approaches, where they describe fuzzy quantifiers using fuzzy sets of the unit 
interval.

Definition 2.14. [5] A fuzzy set Λ ∈ ̃([0, 1]) is called a regular increasing monotone (RIM) quantifier if Λ is a non-decreasing function 
such that Λ(0) = 0 and Λ(1) = 1.

The interpretation of the RIM quantifier Λ is that if 𝑝 is the percentage of elements for which a certain proposition 𝑃 holds, then 
Λ(𝑝) is the truth value of the quantified proposition Λ𝑃 .

Example 2.15. The following RIM quantifiers represent the quantifiers “more than 100 ∗ 𝑘%” and “at least 100 ∗ 𝑘%”:

Λ>𝑘(𝑝) =
{

1 if 𝑝 > 𝑘

0 elsewhere
Λ≥𝑘(𝑝) =

{
1 if 𝑝 ≥ 𝑘

0 elsewhere
.

These RIM quantifiers also include (a representation of) the universal and existential quantifier, Λ∀ ∶= Λ≥1 and Λ∃ ∶= Λ>0. Linguistic 
quantifiers such as “most” and “some” can be modelled using Zadeh’s S-function (0 ≤ 𝛼 < 𝛽 ≤ 1) [16]:

Λ(𝛼,𝛽)(𝑝) =

⎧⎪⎪⎨⎪⎪⎩

0 𝑝 ≤ 𝛼
2(𝑝−𝛼)2
(𝛽−𝛼)2 𝛼 ≤ 𝑝 ≤ 𝛼+𝛽

2

1 − 2(𝑝−𝛽)2
(𝛽−𝛼)2

𝛼+𝛽
2 ≤ 𝑝 ≤ 𝛽

1 𝛽 ≤ 𝑝

, (7)

for example, we could use Λ(0.3,0.9) and Λ(0.1,0.4) to model “most” and “some”, respectively.

In Zadeh’s model, unary sentences of the form “Λ 𝑋’s are 𝐴’s” and binary sentences of the form “Λ 𝐴’s are 𝐵’s”, where Λ is a RIM 
quantifier and 𝐴, 𝐵 ∈ ̃(𝑋), are evaluated as

𝑍Λ(𝐴) = Λ
(|𝐴|Σ|𝑋|

)
, (8)

𝑍2
Λ(𝐴,𝐵) = Λ

(|𝐴 ∩𝐵|Σ|𝐴|Σ
)
, (9)
5
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respectively, while in Yager’s OWA model, the unary sentence “Λ 𝑋’s are 𝐴’s” is evaluated as

𝑌Λ(𝐴) ∶= ∫ 𝐴d𝜇Λ, (10)

where

𝜇Λ(𝑆) = Λ
( |𝑆||𝑋|

)
, ∀𝑆 ∈ (𝑋). (11)

For the binary sentence “Λ 𝐴’s are 𝐵’s”, there is no generally agreed-upon evaluation.

Note that both 𝑍Λ and 𝑌Λ extend the semi-fuzzy quantifier

𝑄𝑋
Λ (𝑆) ∶= Λ

( |𝑆||𝑋|
)
, ∀𝑆 ∈ (𝑋), (12)

which we will denote with 𝑄Λ if the universe 𝑋 is clear from the context.

In [8], Glöckner identified several shortcomings of Zadeh and Yager’s models. To mend these flaws, he introduced so-called 
Determiner Fuzzification Schemes (DFS), particular QFM’s that should satisfy a number of axioms.2

Every QFM induces a propositional logic naturally. Indeed, note that there is a bijection between semi-fuzzy truth functions (i.e., 
mappings 𝑓 ∶ {0, 1}𝑛 → [0, 1]) and semi-fuzzy quantifiers on {1, … , 𝑛} (because of {0, 1}𝑛 ≅ ({1, … , 𝑛})), and analogously between 
fuzzy truth functions (i.e., mappings 𝑓 ∶ [0, 1]𝑛 → [0, 1]) and fuzzy quantifiers. Therefore, any QFM  can be used to extend a semi-

fuzzy truth function 𝑓 to a fuzzy truth function that we will denote by  (𝑓 ) or 𝑓 if  is clear from the context. In particular, any 
logical operator can be extended to the unit interval (e.g. ∨ to ∨̃), and hence also the complement, union, and intersection (e.g. ∩ to 
∩̃). The DFS axioms guarantee that the induced propositional logic is well-behaved:

Proposition 2.16 ([8]). If  is a DFS, then ¬̃ is a strong negator, ∧̃ is a t-norm, ∨̃ is the ¬̃-dual t-conorm of ∧̃, and →̃ is the 𝑆-implicator 
induced by ∨̃ and ¬̃.

It has been shown that it is impossible for a QFM based on regular 𝛼-cuts to be a DFS, because of the lack of symmetry of 
regular 𝛼-cuts with respect to the complement. Therefore, Glöckner introduced QFM’s based on three-valued cuts, since these cuts 
are symmetrical. We now recall some of the most important DFS’s based on three-valued cuts.

Definition 2.17. Let 𝐴 ∈ ̃(𝑋) be a fuzzy set and 𝛾 ∈ [0, 1]. The sets 𝐴min
𝛾 , 𝐴max

𝛾 ∈ (𝑋) are defined by

𝐴min
𝛾 =

⎧⎪⎨⎪⎩
𝐴≥ 1

2 (1+𝛾)
∶ 𝛾 > 0

𝐴
> 1

2
∶ 𝛾 = 0 , 𝐴max

𝛾 =
⎧⎪⎨⎪⎩
𝐴
> 1

2 (1−𝛾)
∶ 𝛾 > 0

𝐴≥ 1
2

∶ 𝛾 = 0 .

The three-valued cut of 𝐴 at 𝛾 is the three-valued subset 𝐴𝛾 (𝑥) ∶= max(𝐴min
𝛾 (𝑥), 𝐴max

𝛾 (𝑥)).

Definition 2.18. The generalized fuzzy median m 1
2
∶ [0, 1]2 → [0, 1] is defined by

m 1
2
(𝑎, 𝑏) =

⎧⎪⎨⎪⎩
min(𝑎, 𝑏) if min(𝑎, 𝑏) > 0.5
max(𝑎, 𝑏) if max(𝑎, 𝑏) < 0.5

0.5 elsewhere

,

for all 𝑎, 𝑏 ∈ [0, 1].

Definition 2.19. Let 𝑄 ∶ ((𝑋))𝑛 → [0, 1] be a semi-fuzzy quantifier and 𝐴1, … , 𝐴𝑛 ∈ ̃(𝑋). The functions ⊤𝑄,𝐴1 ,…,𝐴𝑛
, ⊥𝑄,𝐴1 ,…,𝐴𝑛

∶
[0, 1] → [0, 1] are defined as:

⊤𝑄,𝐴1 ,…,𝐴𝑛
(𝛾) = sup

{
𝑄(𝐵1,… ,𝐵𝑛)| (𝐴𝑖

)min
𝛾

⊆ 𝐵𝑖 ⊆
(
𝐴𝑖

)max
𝛾

}
⊥𝑄,𝐴1 ,…,𝐴𝑛

(𝛾) = inf
{
𝑄(𝐵1,… ,𝐵𝑛)| (𝐴𝑖

)min
𝛾

⊆ 𝐵𝑖 ⊆
(
𝐴𝑖

)max
𝛾

}
,

for every 𝛾 ∈ [0, 1].

Definition 2.20. For every 𝛾 ∈ [0, 1], we define the QFM (⋅)𝛾 as

𝑄𝛾 (𝐴1,𝐴2,… ,𝐴𝑛) ∶= m 1
2

(
{𝑄(𝐵1,𝐵2,… ,𝐵𝑛) |𝐵𝑖 ∈ 𝑇𝛾 (𝐴𝑖)}

)
,

for all semi-fuzzy quantifiers 𝑄 ∶ (𝑋)𝑛 → [0, 1].

2 For a more in depth discussion we refer the reader to chapter three, four, and five of [8].
6
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Definition 2.21. We define the QFM’s 𝐶𝑋 and 𝑜𝑤𝑎 as

𝐶𝑋 (𝑄)(𝐴1,… ,𝐴𝑛) ∶= sup
{
min
(
𝛾,𝑄𝛾 (𝐴1,… ,𝐴𝑛)

) | 𝛾 ∈ [0,1]
}
,

𝑜𝑤𝑎(𝑄)(𝐴1,… ,𝐴𝑛) ∶=

1

∫
0

(
⊤𝑄,𝐴1 ,…,𝐴𝑛

(𝛾) +⊥𝑄,𝐴1 ,…,𝐴𝑛
(𝛾)

2

)
d𝛾

for all semi-fuzzy quantifiers 𝑄 ∶ (𝑋)𝑛 → [0, 1] and 𝐴1, … , 𝐴𝑛 ∈ ̃(𝑋).

Proposition 2.22. [8] The QFM’s 𝐶𝑋 and 𝑜𝑤𝑎 are standard DFS’s, i.e., their induced negator is the standard negator and their induced 
disjunctor is the maximum operator.

Proposition 2.23. [8] For every 𝐴 ∈ ̃(𝑋) and non-decreasing unary semi-fuzzy quantifier 𝑄 ∶ (𝑋) → [0, 1] the following holds:

𝑜𝑤𝑎(𝑄)(𝐴) = ∫ 𝐴d𝑄,

if 𝑄 is a monotone measure.

3. Fuzzy quantifier-based fuzzy rough sets

We start this section by providing a new view of OWAFRS from the perspective of fuzzy quantification. To do this, we first need 
to relate symmetric measures to RIM quantifiers.

Proposition 3.1. Let 𝜇 be a symmetric measure on 𝑋, then there exists a RIM quantifier Λ such that

𝜇(𝑆) = Λ
( |𝑆||𝑋|

)
, ∀𝑆 ∈ (𝑋). (13)

Conversely, if Λ is a RIM quantifier, Eq. (13) yields a symmetric measure.

Proof. Let 𝜇 be a symmetric measure and define Λ as follows:

Λ(𝑥) =
∑

1≤𝑖≤𝑥⋅|𝑋|
(
𝜇𝑖 − 𝜇𝑖−1

)
,

where 𝜇𝑖 denotes the measure of a set with 𝑖 elements. Because 𝜇 is a monotone measure, Λ is a RIM quantifier. Finally, we check 
Eq. (13):

Λ
( |𝑆||𝑋|

)
=
∑

1≤𝑖≤|𝑆|
(
𝜇𝑖 − 𝜇𝑖−1

)
= 𝜇|𝑆| − 𝜇0 = 𝜇(𝐴).

The converse is trivial. □

Using this proposition and the definition of Yager’s unary quantification model (Eq. (10)), we can rewrite OWAFRS (Eq. (5) and 
(6)) as follows:

(apr
𝑅,𝜇𝑙

𝐴)(𝑦) = 𝑌Λ ((𝑅𝑦,𝐴)) (14)

(apr𝑅,𝜇𝑢𝐴)(𝑦) = 𝑌Υ((𝑅𝑦,𝐴)), (15)

where 𝜇𝑙 and 𝜇𝑢 are symmetric measures, and Λ and Υ are their corresponding RIM quantifiers. Note that the binary quantifier 
defined by

𝑌 
Λ (𝐴,𝐵) ∶= 𝑌Λ((𝐴,𝐵)), ∀𝐴,𝐵 ∈ ̃(𝑋), (16)

can be viewed as an evaluation of the proposition “Λ 𝐴’s are 𝐵’s”. Generalizing this idea, we now introduce fuzzy quantifier-based 
fuzzy rough sets (FQFRS) by allowing general (binary for lower approximation and unary for upper approximation) quantification 
models.

Definition 3.2 ((�̃�𝑙, �̃�𝑢)-fuzzy rough set). Given a reflexive fuzzy relation 𝑅 ∈  (𝑋 ×𝑋), fuzzy quantifiers �̃�𝑙 ∶ (̃(𝑋))2 → [0, 1] and 
�̃�𝑢 ∶ ̃(𝑋) → [0, 1], and 𝐴 ∈  (𝑋), the lower and upper approximation of 𝐴 w.r.t. 𝑅 are given by:

(𝑎𝑝𝑟
𝑅,�̃�𝑙

𝐴)(𝑦) = �̃�𝑙 (𝑅𝑦,𝐴) , (17)
7
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(𝑎𝑝𝑟𝑅,�̃�𝑢
𝐴)(𝑦) = �̃�𝑢 ((𝑅𝑦,𝐴)) , (18)

where  is a conjunctor.

Suppose �̃�𝑙 and �̃�𝑢 represent the (linguistic) quantifiers “almost all” and “some”, respectively. Then the degree of membership of 
an element 𝑦 to the lower approximation of 𝐴 is equal to the truth value of the statement “Almost all elements similar to 𝑦 are in 𝐴”. 
The degree of membership of 𝑦 to the upper approximation is equal to the truth value of the statement “Some elements are similar 
to 𝑦 and are in 𝐴”. Notice the difference of the arity in the used quantification models for the lower and upper approximation. We 
restrict the upper approximation to unary quantification because the evaluation of the proposition “𝑄 elements are 𝐴 and 𝐵” is in 
essence a unary proposition with the fuzzy set (𝐴, 𝐵) as the argument. This is not the case for “𝑄 𝐴’s are 𝐵”, which is the underlying 
proposition of the lower approximation.

Let us look at some examples of fuzzy quantifier-based fuzzy rough sets.

• (𝑍2
Λ, 𝑍Υ)-FRS

We start off with the model derived from the simplest quantification model, the one from Zadeh. Let Λ and Υ be two RIM 
quantifiers, then the lower and upper approximation for (𝑍2

Λ, 𝑍Υ)-fuzzy rough sets are defined as:

(𝑎𝑝𝑟
𝑅,Λ

𝐴)(𝑦) ∶=𝑍2
Λ(𝑅𝑦,𝐴) = Λ

(|𝑅𝑦 ∩𝐴|Σ|𝑅𝑦|Σ
)
,

(𝑎𝑝𝑟𝑅,Υ𝐴)(𝑦) ∶=𝑍Υ(𝑅𝑦 ∩𝐴) = Υ
(|𝑅𝑦 ∩𝐴|Σ|𝑋|

)
.

This closely resembles the Vaguely Quantified Fuzzy Rough Sets (VQFRS) model [16], which uses the following lower and upper 
approximations:

(𝑎𝑝𝑟VQFRS

𝑅,Λ
𝐴)(𝑦) ∶= Λ

(|𝑅𝑦 ∩𝐴|Σ|𝑅𝑦|Σ
)
=𝑍2

Λ(𝑅𝑦,𝐴),

(𝑎𝑝𝑟VQFRS
𝑅,Υ 𝐴)(𝑦) ∶= Υ

(|𝑅𝑦 ∩𝐴|Σ|𝑅𝑦|Σ
)
=𝑍2

Υ(𝑅𝑦,𝐴).

For both models, the lower approximations are identical, but whereas for VQFRS the lower and upper approximation only differ 
in their used RIM quantifier, (𝑍2

Λ, 𝑍Υ)-FRS evaluates the upper approximation using Zadeh’s unary quantifier 𝑍Υ. Comparing 
the upper approximations of these two models, we can see that VQFRS will always be larger, since |𝑋| ≥ |𝑅𝑦| and Υ is a RIM 
quantifier. In some cases, the upper approximation of VQFRS becomes too large as the following example demonstrates.

Example 3.3. Let 𝑦 ∈𝑋 and 𝐴 ∈ ̃(𝑋). Suppose there are 100 elements in 𝐴 with a similarity of 0.01 to 𝑦 ∉ 𝐴 and the rest of 
the elements are not similar to 𝑦 at all (|𝑅𝑦 ∩𝐴| = 1 and |𝑅𝑦| = 2), then the upper approximation will always be 1 in the VQFRS 
approach:

(𝑎𝑝𝑟VQFRS
𝑅,Υ 𝐴)(𝑦) =𝑍2

Υ(𝑅𝑦,𝐴) = Υ(0.5) ∶= 1,

since Υ should represent “some”. Thus if one wants to discard the outlying elements from the upper approximation, this is 
problematic. In (𝑍2

Λ, 𝑍Υ)-FRS, we get a less extreme result:

(𝑎𝑝𝑟𝑅,Υ𝐴)(𝑦) =𝑍Υ(𝑅𝑦 ∩𝐴) = Υ
(

1|𝑋|
)
.

Lastly we note that using the existential quantifier (i.e., Υ = Λ∃) the upper approximations in VQFRS and in (𝑍2
Λ, 𝑍Γ)-FRS are 

equivalent (|𝑅𝑦| ≥ 1 since 𝑅 is reflexive).

• (𝑌→
Λ , ̃𝑌Υ)-FRS

As shown in Equations (14) and (15), (𝑌→
Λ , ̃𝑌Υ)-FRS corresponds to OWAFRS which is preferred over VQFRS [31] in terms of the 

theoretical properties it satisfies, and in terms of robustness. Since Yager’s unary model is generally accepted as a better model 
compared to Zadeh’s, this justifies the improvement from a fuzzy quantifier perspective.

4. Binary quantification models

As we will demonstrate in the next subsection, Yager’s binary quantification model has several flaws, and these flaws are handed 
down to OWAFRS, as evidenced by Eq. (14) and (15). This is why in this section we take a look at other binary quantification models 
that might fix some of these shortcomings, and will thus hopefully result in a better fuzzy rough set model.

4.1. Problem with Yager’s implication-based binary quantification model / OWAFRS

The following proposition and example show a flaw that OWAFRS inherits from its underlying semi-fuzzy quantifier.
8
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Definition 4.1. Given a RIM quantifier Λ, we define the following semi-fuzzy quantifiers:

𝑄2
Λ(𝐴,𝐵) ∶= Λ

(|𝐴 ∩𝐵||𝐴|
)

𝑄→
Λ (𝐴,𝐵) ∶= Λ

(|𝐴→𝐵||𝑋|
)
∶= Λ

(|¬𝐴|+ |𝐴 ∩𝐵||𝑋|
)

Proposition 4.2. For all crisp sets 𝐴, 𝐵 ∈ (𝑋), we have

𝑌 
Λ (𝐴,𝐵) =𝑄→

Λ (𝐴,𝐵),

i.e., the underlying semi-fuzzy quantifier of 𝑌 
Λ is 𝑄→

Λ .

Proof. Follows directly from the definition. □

Evaluating “Λ 𝑅𝑦 are 𝐴” using 𝑄→
Λ yields:

Λ
(|𝑅𝑦→𝐴||𝑋|

)
=Λ
(|¬𝑅𝑦|+ |𝑅𝑦 ∩𝐴||𝑋|

)
.

Thus, the smaller the cardinality of 𝑅𝑦, the truer the statement is. This is not what one would expect. Indeed, let 𝑦 ∉𝐴 be an instance 
that is an outlier (𝑅𝑦 only contains 𝑦), then the membership of 𝑦 to the lower approximation of 𝐴 is always very high, regardless of 
𝐴. The problem with 𝑄→

Λ is that it evaluates “For most elements of 𝑋, if they are in 𝐴, they are in 𝐵” instead of “Most 𝐴’s are 𝐵’s”. 
In the first one, all elements matter, while for the second one only elements of 𝐴 matter. The following example demonstrates how 
important this difference is.

Example 4.3. Let us look at the difference between “Most Belgian people are not Belgian” and “For most people in the world, if 
they are Belgian, they are not Belgian”. Most people would agree that both sentences are plainly wrong. But if we evaluate the first 
sentence using 𝑄Λ and the second one using 𝑄→

Λ , we get the following:

𝑄2
Λ(Belgian,¬Belgian) = Λ

( ||∅|||𝐵𝑒𝑙𝑔𝑖𝑎𝑛|
)
= 0,

𝑄→
Λ (Belgian,¬Belgian) = Λ

(||¬Belgian||||World||
)
≈ 1,

because the percentage of Belgians in the world is minuscule. So the second one is still correct since most people are simply not from 
Belgium.

A more sensible underlying semi-fuzzy quantifier is 𝑄2
Λ, since this is exactly how one would evaluate “Most 𝐴’s are 𝐵’s” when 𝐴

and 𝐵 are crisp sets. Indeed, when 𝐴 and 𝐵 are crisp, we can easily calculate the percentage of elements of 𝐴 that are in 𝐵, which 
after applying the RIM quantifier Λ (cf. Definition 2.14 and below) gives us 𝑄2

Λ. One fuzzy quantifier that has 𝑄2
Λ as its underlying 

semi-fuzzy quantifier is Zadeh’s 𝑍2
Λ, but this quantifier of course has some other issues. This is why in the next section we consider 

other fuzzy quantifiers that extend 𝑄2
Λ.

4.2. Solutions

4.2.1. Solution 1: DFS-based binary quantification models

The most obvious solution is to start off with the desired semi-fuzzy quantifier 𝑄2
Λ and extend it using a DFS  . One choice that 

certainly makes sense is 𝑜𝑤𝑎, which generalizes Yager’s OWA approach [6].

Proposition 4.4. For every RIM quantifier Λ we have

𝑜𝑤𝑎(𝑄Λ) = 𝑌Λ.

Proof. Follows from Proposition 2.23 and the fact that 𝑄Λ = 𝜇Λ (Eq. (12)). □

Another option is 𝐶𝑋 , which is known to be very interesting from a theoretical perspective, but due to the coarse granularity 
of truth values and cautiousness might not be the best choice for fuzzy rough sets (cf. Section 7.13 in [8]), when applied to a 
classification problem. Indeed, if the model is too cautious (i.e., evaluates sentences as 0.5 most of the time) or there are not 
many options for the truth values, the membership degree to the lower approximation of many classes will be the same, leaving a 
classification algorithm indecisive.

A downside to the above solutions is that they are computationally more complex than 𝑌 
Λ ((|𝑋|2) vs. (|𝑋| log(|𝑋|))), as well 

as being more complex to implement (cf. Chapter 11 in [8]).
9
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4.2.2. Solution 2: Weighted ordered weighted average-based binary quantification model

Looking at Yager’s model 𝑌 
Λ , we can see that an element outside 𝐴 contributes as much to the truth value as an element that is 

both in 𝐴 and in 𝐵. Therefore we now introduce a new binary quantification model that applies an extra weighting to elements of 𝐴
to compensate for this issue:

Definition 4.5. Let Λ be a RIM quantifier,  an implicator and 𝐴, 𝐵 ∈ ̃(𝑋). We define the fuzzy quantifier 𝑊 
Λ ∶ ̃(𝑋) → [0, 1] as:

𝑊 
Λ (𝐴,𝐵) ∶= ∫ (𝐴,𝐵)d𝜇𝐴Λ , 𝜇𝐴Λ(𝑆) ∶= Λ

(|𝑆 ∩𝐴|Σ|𝐴|Σ
)
,

where 𝑆 ∈ (𝑋).

The following proposition shows that 𝑊 
Λ is based on a Weighted Ordered Weighted Averaging (WOWA) operator [35] that uses 

Λ for the OWA part and assigns to every element 𝑥 ∈𝑋 the weight 𝑝𝑥 =𝐴(𝑥)∕ |𝐴|.
Proposition 4.6. Let Λ be a RIM quantifier,  an implicator, 𝐴, 𝐵 ∈ ̃(𝑋). Now define 𝑥∗𝑖 such that (𝐴, 𝐵)(𝑥∗𝑖 ) is the 𝑖th largest value of 
(𝐴, 𝐵)(𝑥) for all 𝑥 ∈𝑋 and 𝑖 ∈ {1, … , |𝑋|= 𝑛}. Then we have the following:

𝑊 
Λ (𝐴,𝐵) =

𝑛∑
𝑖=1

((𝐴,𝐵))(𝑥∗𝑖 ) ⋅
⎛⎜⎜⎝Λ
(∑𝑖

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
)

−Λ
⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠
⎞⎟⎟⎠ . (19)

Proof. To prove Equation (19), let us rewrite the Choquet integral in 𝑊 
Λ using Proposition 2.10:

𝑊 
Λ (𝐴,𝐵) =

𝑛∑
𝑖=1

((𝐴,𝐵))(𝑥∗
𝑛−𝑖+1) ⋅

(
𝜇𝐴Λ
(
{𝑥∗1 ,… , 𝑥∗

𝑛−𝑖+1}
)
− 𝜇𝐴Λ

(
{𝑥∗1 ,… , 𝑥∗𝑛−𝑖}

))
=

𝑛∑
𝑖=1

((𝐴,𝐵))(𝑥∗
𝑛−𝑖+1) ⋅

⎛⎜⎜⎝Λ
⎛⎜⎜⎝
∑𝑛−𝑖+1

𝑗=1 𝐴(𝑥∗𝑗 )|𝐴|Σ
⎞⎟⎟⎠−Λ

(∑𝑛−𝑖
𝑗=1𝐴(𝑥

∗
𝑗 )|𝐴|Σ
)⎞⎟⎟⎠

=
𝑛∑
𝑖=1

((𝐴,𝐵))(𝑥∗𝑖 ) ⋅
⎛⎜⎜⎝Λ
(∑𝑖

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
)

−Λ
⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠
⎞⎟⎟⎠ . □

The following proposition shows that this weighting indeed gives us a fuzzy quantifier with the desired underlying semi-fuzzy 
quantifier 𝑄2

Λ.

Proposition 4.7. For all crisp sets 𝐴, 𝐵 ∈ (𝑋), we have

𝑊 
Λ (𝐴,𝐵) =𝑄2

Λ(𝐴,𝐵) = Λ
(|𝐴 ∩𝐵||𝐴|

)
,

i.e.,  (𝑊 
Λ

)
=𝑄2

Λ.

Proof. Let 𝐴, 𝐵 ∈ (𝑋) be two crisp sets, then:

𝑊 
Λ (𝐴,𝐵) = ∫ (𝐴,𝐵)d𝜇𝐴Λ = 𝜇𝐴Λ((𝐴,𝐵))

= 𝜇𝐴Λ (¬𝐴 ∪𝐵)

= Λ
(|𝐴 ∩𝐵||𝐴|

)
=𝑄2

Λ(𝐴,𝐵). □

Finally, we give a numerical example to demonstrate the WOWA-based quantification model, as well as compare it to 𝑌 
Λ .

Example 4.8. Let 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6}, 𝐵 = {𝑥1, 𝑥2} and

𝐴 = {(𝑥1,1), (𝑥2,0.2), (𝑥3,0), (𝑥4,0), (𝑥5,0), (𝑥6,0.3)},

then we have

𝐾𝐷(𝐴,𝐵) = {(𝑥1,1), (𝑥2,1), (𝑥3,1), (𝑥4,1), (𝑥5,1), (𝑥6,0.7)}.

Evaluating 𝑌 𝐾𝐷 (𝐴, 𝐵) with Λ = Λ(0.7,1) from Eq. (7), we get
Λ

10
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𝑌
𝐾𝐷
Λ (𝐴,𝐵) =

6∑
𝑖=1

(𝐾𝐷(𝐴,𝐵))(𝑥∗𝑖 ) ⋅
(
Λ
(
𝑖

6

)
−Λ
(
𝑖− 1
6

))
= 0.7 ⋅

(
Λ(1) − Λ

( 5
6

))
+ 1 ⋅Λ

( 5
6

)
≈ 0.7 + 0.3 ⋅Λ(0.833)

≈ 0.82,

while for 𝑊 𝐾𝐷
Λ (𝐴, 𝐵), we get

𝑊
𝐾𝐷
Λ (𝐴,𝐵) =

6∑
𝑖=1

(𝐾𝐷(𝐴,𝐵))(𝑥∗𝑖 ) ⋅
⎛⎜⎜⎝Λ
(∑𝑖

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
)

−Λ
⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠
⎞⎟⎟⎠

=
6∑
𝑖=1

(𝐾𝐷(𝐴,𝐵))(𝑥𝑖) ⋅
⎛⎜⎜⎝Λ
(∑𝑖

𝑗=1𝐴(𝑥𝑗 )
1.5

)
−Λ
⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑥𝑗 )
1.5

⎞⎟⎟⎠
⎞⎟⎟⎠

= 0.7 ⋅
(
Λ(1) − Λ

(1.2
1.5

))
+ 1 ⋅Λ

( 1.2
1.5

)
= 0.7 + 0.3 ⋅Λ(0.8)

≈ 0.77.

Note that 𝑊 
Λ indeed gives less weight to all the instances for which the membership degree to 𝐴 is zero.

4.2.3. Solution 3: Yager’s weighted implication-based binary quantification model

Instead of the WOWA approach for the weighting, we also consider another solution. We will call it Yager’s Weighted Implication 
(YWI) based quantification model, reflecting the fact that it is a generalization of a model proposed by Yager in [36].

Definition 4.9. Let Λ be a RIM quantifier,  an implicator and 𝐴, 𝐵 ∈ ̃(𝑋). We define the fuzzy quantifier 𝑌 2
Λ ∶ ̃(𝑋) → [0, 1] as:

𝑌 2
Λ(𝐴,𝐵) ∶= ∫ (𝐴,𝐵)d𝜇′Λ, 𝜇′Λ(𝑆) ∶= Λ

⎛⎜⎜⎝
∑|𝑆|

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠ ,

where 𝑆 ∈ (𝑋) and 𝐴(𝑥∗𝑖 ) is the 𝑖th smallest value of 𝐴(𝑥) for 𝑥 ∈𝑋 and 𝑆 ∈ (𝑋).

Noting that 𝜇′Λ is a symmetric measure (thus, it induces an OWA operator) in the previous definition we can also write 𝑌 2
Λ as 

follows:

𝑌 2
Λ(𝐴,𝐵) =

𝑛∑
𝑖=1

((𝐴,𝐵))(𝑥∗𝑖 ) ⋅
⎛⎜⎜⎝Λ
(∑𝑖

𝑗=1𝐴(𝑦
∗
𝑗 )|𝐴|Σ
)

−Λ
⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑦
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠
⎞⎟⎟⎠ , (20)

where 𝑥∗𝑖 and 𝑦∗𝑖 are defined such that (𝐴, 𝐵)(𝑥∗𝑖 ) is the 𝑖th largest value of (𝐴, 𝐵)(𝑥) and 𝐴(𝑦∗𝑖 ) is the 𝑖th smallest value of 𝐴(𝑥) for 
all 𝑥 ∈𝑋 and 𝑖 ∈ {1, … , |𝑋|= 𝑛}.

The following proposition shows that this weighting indeed gives us a fuzzy quantifier with the desired underlying semi-fuzzy 
quantifier 𝑄2

Λ.

Proposition 4.10. For all crisp sets 𝐴, 𝐵 ∈ (𝑋), we have

𝑌 2
Λ(𝐴,𝐵) =𝑄2

Λ(𝐴,𝐵) = Λ
(|𝐴 ∩𝐵||𝐴|

)
,

i.e.,  (𝑌 2
Λ

)
=𝑄2

Λ.

Proof. Let 𝐴, 𝐵 ∈ (𝑋), then:

𝑌 2
Λ(𝐴,𝐵) = ∫ (𝐴,𝐵)d𝜇′Λ = 𝜇′Λ((𝐴,𝐵))

= 𝜇′Λ (¬𝐴 ∪𝐵)

= 𝜇′Λ (¬𝐴 ∪ (𝐴 ∩𝐵))

But for crisp sets 𝐴, the measure 𝜇′Λ reduces to:

𝜇′Λ(𝑆) =

{
0 if |𝑆| ≤ |¬𝐴||𝑆|−|¬𝐴||𝐴| if |𝑆| > |¬𝐴| ,

from which we get the desired result:
11
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𝑌 2
Λ(𝐴,𝐵) = 𝜇′Λ (¬𝐴 ∪ (𝐴 ∩𝐵)) = Λ

(|¬𝐴 ∪ (𝐴 ∩𝐵)|− |¬𝐴||𝐴|
)

= Λ
(|𝐴 ∩𝐵||𝐴|

)
. □

Finally, we give a numerical example for 𝑌 2
Λ .

Example 4.11. Recall Example 4.8, and let us evaluate 𝑌 2
Λ(𝐴, 𝐵):

𝑌 2
Λ(𝐴,𝐵) =

6∑
𝑖=1

(𝐾𝐷(𝐴,𝐵))(𝑥∗𝑖 ) ⋅
⎛⎜⎜⎝Λ
(∑𝑖

𝑗=1𝐴(𝑦
∗
𝑗 )|𝐴|Σ
)

−Λ
⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑦
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠
⎞⎟⎟⎠

=
6∑
𝑖=1

(𝐾𝐷(𝐴,𝐵))(𝑥𝑖) ⋅
⎛⎜⎜⎝Λ
(∑𝑖

𝑗=1𝐴(𝑦
∗
𝑗 )

1.5

)
−Λ
⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑦
∗
𝑗 )

1.5

⎞⎟⎟⎠
⎞⎟⎟⎠

= 0.7 ⋅
(
Λ(1) − Λ

(0.5
1.5

))
+ 1 ⋅Λ

( 0.5
1.5

)
= 0.7 + 0.3 ⋅Λ(0.33)

= 0.7.

Note that compared to 𝑊 
Λ , 𝑌 2

Λ(𝐴, 𝐵) performs a more drastic weighting on 𝐴, resulting in a smaller truth value for the proposition 
“Most 𝐴’s are 𝐵’s”.

4.3. Theoretical study of the binary quantification models

In this subsection, we conduct a theoretical study of the different proposed binary quantification models, in order to shed some 
light on which solution is more preferable.

4.3.1. Yager’s implication based binary quantification model linked to DFS

We start off by showing that we can view 𝑌 𝐾𝐷
Λ , a specific instantiation of the binary fuzzy quantifier from Eq. (16) used in 

OWAFRS, as a DFS-based model. To do this, we show that evaluating  (𝑄→
Λ )(𝐴, 𝐵) for fuzzy sets 𝐴, 𝐵 and a DFS  simply amounts 

to evaluating the fuzzy set 𝐴→̃𝐵 using the unary quantifier  (𝑄Λ), where →̃ is the implicator induced by the DFS  .

Definition 4.12. Let �̃� ∶ (̃(𝑋))𝑛 → [0, 1] be a fuzzy quantifier, then the fuzzy quantifier �̃�→̃ ∶ (̃(𝑋))𝑛+1 → [0, 1] is defined as:

�̃�→̃(𝐴1,… ,𝐴𝑛+1) ∶= �̃�(𝐴1,… ,𝐴𝑛−1, (𝐴𝑛→̃𝐴𝑛+1)).

For a semi-fuzzy quantifier 𝑄, the semi-fuzzy quantifier 𝑄 → is defined analogously.

Proposition 4.13. For every semi-fuzzy quantifier 𝑄 and DFS  we have:

 (𝑄→) =  (𝑄)→̃.

Proof. This follows from the fact that a DFS is compatible with internal meets and internal negations [8]. □

Corollary 4.14. Let  be a DFS and 𝑄Λ the unary quantifier from Equation (12), then:

 (𝑄→
Λ
)
(𝐴,𝐵) =  (𝑄Λ)(𝐴→̃𝐵),

for every 𝐴, 𝐵 ∈ ̃(𝑋).

Applying this to 𝑜𝑤𝑎, we can write 𝑌 𝐾𝐷
Λ as a DFS-based model:

Corollary 4.15.

𝑜𝑤𝑎(𝑄→
Λ )(𝐴,𝐵) = ∫ 𝐾𝐷(𝐴,𝐵)d𝜇Λ = 𝑌

𝐾𝐷
Λ (𝐴,𝐵),

for every 𝐴, 𝐵 ∈ ̃(𝑋).

Proof. Follows from the fact that 𝑜𝑤𝑎 is a standard DFS (thus the induced implicator is 𝐾𝐷) [8] and Proposition 2.23. □
12
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Open problem. Does there exist a DFS  for every S-implicator  such that

 (𝑄→
Λ )(𝐴,𝐵) = ∫ (𝐴,𝐵)d𝜇Λ?

Or equivalently, using Corollary 4.14, does there exist a DFS  for which the induced implicator is  and

 (𝑄)(𝐴) = ∫ 𝐴d𝑄, ∀𝐴 ∈ ̃(𝑋),

for every symmetric measure 𝑄 on 𝑋?

4.3.2. Behaviour under the existential and universal RIM quantifier

When using the universal RIM quantifier Λ∀ (Example 2.15), we expect that the different binary quantification models reduce to 
the standard inclusion measure [37] based on the used implicator. The two following propositions show exactly that.

Proposition 4.16. For every 𝐴, 𝐵 ∈ ̃(𝑋), we have

𝑌 2
Λ∀

(𝐴,𝐵) = min
𝑥∈𝑋

( (𝐴(𝑥),𝐵(𝑥))) =𝑊 
Λ∀

(𝐴,𝐵),

= 𝑌 
Λ∀

(𝐴,𝐵).

Proof. Recall that Λ∀(𝑥) is only equal to one if 𝑥 = 1 and is equal to zero in all other cases. Combining this with Equation (20) and 
the fact that 𝐴(𝑦∗𝑖 ) is the 𝑖th smallest value of 𝐴(𝑥), we get the first equality. For the second equality, suppose it does not hold, i.e.,

𝑊 
Λ∀

(𝐴,𝐵) =
𝑛∑
𝑖=1

((𝐴,𝐵))(𝑥∗𝑖 ) ⋅
⎛⎜⎜⎝Λ∀

(∑𝑖
𝑗=1𝐴(𝑥

∗
𝑗 )|𝐴|Σ
)

−Λ∀

⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠
⎞⎟⎟⎠ ,

≠ (𝐴,𝐵)(𝑥∗𝑛),
where 𝑥∗𝑖 is defined such that (𝐴, 𝐵)(𝑥∗𝑖 ) is the 𝑖th largest value of (𝐴, 𝐵)(𝑥) for all 𝑥 ∈𝑋 and 𝑖 ∈ {1, … , |𝑋|= 𝑛}. Since

𝑣𝑖 =Λ∀

(∑𝑖
𝑗=1𝐴(𝑥

∗
𝑗 )|𝐴|Σ
)

−Λ∀

⎛⎜⎜⎝
∑𝑖−1

𝑗=1𝐴(𝑥
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠

forms a weight vector and can only be equal to one or zero, we must have that

𝑣𝑛 = 0,

⟺Λ∀

⎛⎜⎜⎝
∑𝑛−1

𝑗=1 𝐴(𝑥
∗
𝑗 )|𝐴|Σ
⎞⎟⎟⎠ = 1,

⟹𝐴(𝑥∗𝑛) = 0,

⟹ (𝐴,𝐵)(𝑥∗𝑛) = 1,

⟹ (∀𝑥 ∈𝑋)((𝐴,𝐵)(𝑥) = 1),

which leads to a contradiction

𝑊 
Λ∀

(𝐴,𝐵) = 1 = (𝐴,𝐵)(𝑥∗𝑛) ≠𝑊 
Λ∀

(𝐴,𝐵).

The third equality is trivial. □

Proposition 4.17. [8] For any standard DFS  , and 𝐴, 𝐵 ∈ ̃(𝑋), we have

 (𝑄2
Λ∀

)
(𝐴,𝐵) = min

𝑥∈𝑋

(𝐾𝐷(𝐴(𝑥),𝐵(𝑥))) .
Thus, when using the Kleene-Dienes implicator, 𝑌 

Λ∀
, ̃𝑊 

Λ∀
, ̃𝑌 2

Λ∀
and  (𝑄2

Λ∀

)
are all the same and the lower approximations of 

the FQFRS that are based on them reduce to the classical fuzzy rough lower approximation. For the existential RIM quantifier Λ∃
(Example 2.15) we have the following proposition.

Proposition 4.18. For every 𝐴, 𝐵 ∈ ̃(𝑋), we have

𝑌 
Λ (𝐴,𝐵) = max ((𝐴,𝐵)(𝑥)) ,

∃ 𝑥∈𝑋

13
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𝑌 2
Λ∃

(𝐴,𝐵) = max
𝑥∈𝐴>0

((𝐴,𝐵)(𝑥)) =𝑊 
Λ∃

(𝐴,𝐵).

Proof. The first equality is trivial. For the last two equalities, define 𝑥∗𝑖 and 𝑦∗𝑖 such that (𝐴, 𝐵)(𝑥∗𝑖 ) is the 𝑖th largest value of 
(𝐴, 𝐵)(𝑥) and 𝐴(𝑦∗𝑖 ) is the 𝑖th smallest value of 𝐴(𝑥) for all 𝑥 ∈𝑋 and 𝑖 ∈ {1, … , |𝑋|= 𝑛}. Now define 𝑘 as follows:

𝑘 ∶= ||𝑋∖𝐴>0|| = |{𝑥|𝐴(𝑥) = 0}| ,
we then have, w.l.o.g., that{

𝑥∗1 ,… , 𝑥∗𝑘
}
⊆𝑋∖𝐴>0,

because of the fact that (0, 𝑦) = 1 for every implicator  and 𝑦 ∈ [0, 1]. Looking at Equation (20) and realizing that 𝐴(𝑦∗
𝑘+1) is the first 

non-zero 𝐴(𝑦∗𝑖 ), we get that

𝑌 2
Λ∃

(𝐴,𝐵) = (𝐴,𝐵)(𝑥∗𝑘+1) = max
𝑥∈𝐴>0

((𝐴,𝐵)(𝑥)) .
The equality for 𝑊 

Λ∃
(𝐴, 𝐵) follows analogously. □

So, from this proposition we see that the 𝑌 2
Λ∃

and 𝑊 
Λ∃

models act more reasonably than 𝑌 
Λ∃

, since for the former, the elements 
fully outside 𝐴 do not influence the result. However, the most intuitive and simple evaluation of the binary existential quantifier is 
achieved by standard DFS models based on 𝑄2

Λ∃
.

Proposition 4.19. [8] For any standard DFS  , and 𝐴, 𝐵 ∈ ̃(𝑋), we have

 (𝑄2
Λ∃

)
(𝐴,𝐵) = max

𝑥∈𝑋
((𝐴 ∩𝐵)(𝑥)) .

4.3.3. Argument monotonicity

In this subsection, we consider the properties of set monotonicity and relation monotonicity [31], which are relevant to many 
applications of fuzzy rough sets. Note that all discussed binary quantification models are non-decreasing in the second argument, 
hence all FQFRS based on them satisfy set monotonicity for the lower approximation, i.e., the lower approximation is non-decreasing 
in the concept:

(∀𝐴,𝐵 ∈ ̃(𝑋))
(
𝐴⊆𝐵 ⟹ (𝑎𝑝𝑟

𝑅,�̃�𝑙
𝐴) ⊆ (𝑎𝑝𝑟

𝑅,�̃�𝑙
𝐵)
)
.

In order to satisfy relation monotonicity for the lower approximation, i.e.,

(∀𝑅1,𝑅2 ∈ ̃(𝑋 ×𝑋))
(
𝑅1 ⊆𝑅2 ⟹ (𝑎𝑝𝑟

𝑅2 ,�̃�𝑙
𝐴) ⊆ (𝑎𝑝𝑟

𝑅1 ,�̃�𝑙
𝐴)
)
,

�̃�𝑙 should be increasing in its first argument. However, this only holds for fuzzy quantifiers that have 𝑄→
Λ as their underlying semi-

fuzzy quantifier, like 𝑌 𝐼
Λ . Indeed, all models that correctly (i.e., intuitively) evaluate the sentence “Λ 𝐴’s are 𝐵’s” have, as we have 

seen in Section 4.1, 𝑄2
Λ as their underlying semi-fuzzy quantifier. But 𝑄2

Λ is not non-increasing in the first argument, since adding 
an element 𝑥 to 𝐴 can either increase or decrease the truth value, depending on whether the element is contained in 𝐵 or not. 
This causes FQFRS models that are based on quantifiers with 𝑄2

Λ as their underlying semi-fuzzy quantifier to not satisfy relation 
monotonicity for their lower approximation. Applications where relation monotonicity is required for the lower approximation, as 
for example fuzzy-rough attribute reduction based on the QuickReduct algorithm [38], should thus use OWAFRS.

4.3.4. Inequalities between the different models

The following proposition shows that the sentence “For most 𝑋’s, if they are in 𝐴, they are in 𝐵” is always at least as true as the 
sentence “Most 𝐴’s are 𝐵’s”, when restricting ourselves to crisp arguments.

Proposition 4.20. We have the following inequality:

𝑄→
Λ (𝐴,𝐵) =𝑄2

Λ(𝑋,𝐴→𝐵) ≥𝑄2
Λ(𝐴,𝐵),

for every 𝐴, 𝐵 ∈ (𝑋).

Proof.

Λ
(|¬𝐴|+ |𝐴 ∩𝐵||𝑋|

)
≥Λ
(|𝐴 ∩𝐵||𝐴|

)
⟺

|¬𝐴|+ |𝐴 ∩𝐵||¬𝐴|+ |𝐴| ≥ |𝐴 ∩𝐵||𝐴|
⟺ (|¬𝐴|+ |𝐴 ∩𝐵|) ∗ |𝐴| ≥ |𝐴 ∩𝐵| ∗ (|¬𝐴|+ |𝐴|)
14
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⟺ |¬𝐴| ∗ |𝐴| ≥ |𝐴 ∩𝐵| ∗ |¬𝐴|
⟺ |𝐴| ≥ |𝐴 ∩𝐵| □

We now ask ourselves if the previous inequality generalizes to fuzzy arguments. When using a plausible binary quantification 
model we would expect that it does. Note that all three binary quantification models 𝑜𝑤𝑎(𝑄2

Λ), 𝑊

Λ and 𝑌 2

Λ satisfy

𝑜𝑤𝑎(𝑄2
Λ)(𝑋,𝐴) =𝑊 

Λ (𝑋,𝐴) = 𝑌 2
Λ(𝑋,𝐴) = 𝑌Λ(𝐴),

so extending Proposition 4.20 to fuzzy quantifiers yields that all of the proposed binary quantification models should be smaller than 
𝑌 
Λ .

Proposition 4.21. We have the following inequality for every DFS  :

 (𝑄→
Λ ) ≥  (𝑄2

Λ).

Proof. Every DFS satisfies quantifier monotonicity [8]. □

Corollary 4.22. We have the following inequality:

𝑌
𝐾𝐷
Λ ≥ 𝑜𝑤𝑎(𝑄2

Λ).

Proof. Follows from Corollary 4.15. □

As the following proposition shows, the YWI model also preserves this important inequality.

Proposition 4.23. We have the following inequality:

𝑌 
Λ (𝐴,𝐵) ≥ 𝑌 2

Λ(𝐴,𝐵),

for every 𝐴, 𝐵 ∈ ̃(𝑋).

Proof. We will prove that 𝜇Λ ≥ 𝜇′Λ, from which the proposition follows. Since Λ is monotone, it is sufficient to prove:

𝑖

𝑛
≥
∑𝑖

𝑗=1𝐴(𝑥
∗
𝑗 )∑𝑛

𝑗=1𝐴(𝑥
∗
𝑗 )

⟺ 𝑖 ⋅
𝑛∑
𝑗=1

𝐴(𝑥∗𝑗 ) ≥ 𝑛 ⋅
𝑖∑

𝑗=1
𝐴(𝑥∗𝑗 )

⟺ 𝑖 ⋅
𝑛∑
𝑗=1

𝐴(𝑥∗𝑗 ) ≥ (𝑛− 𝑖) ⋅
𝑖∑

𝑗=1
𝐴(𝑥∗𝑗 ) + 𝑖 ⋅

𝑖∑
𝑗=1

𝐴(𝑥∗𝑗 )

⟺ 𝑖 ⋅

(
𝑛∑
𝑗=1

𝐴(𝑥∗𝑗 ) −
𝑖∑

𝑗=1
𝐴(𝑥∗𝑗 )

)
≥ (𝑛− 𝑖) ⋅

𝑖∑
𝑗=1

𝐴(𝑥∗𝑗 )

⟺ 𝑖 ⋅

⎛⎜⎜⎜⎜⎝
𝐴(𝑥∗𝑛) +⋯+𝐴(𝑥∗

𝑖+1)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑛−𝑖 elements

⎞⎟⎟⎟⎟⎠
≥ (𝑛− 𝑖) ⋅

𝑖∑
𝑗=1

𝐴(𝑥∗𝑗 ),

and because 𝐴(𝑥∗𝑗 ) is the 𝑗th smallest 𝐴(𝑥) for every 𝑗 this is indeed true:

𝑖 ⋅

⎛⎜⎜⎜⎜⎝
𝐴(𝑥∗𝑛) +⋯+𝐴(𝑥∗

𝑖+1)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑛−𝑖 elements

⎞⎟⎟⎟⎟⎠
≥ (𝑛− 𝑖) ⋅ 𝑖 ⋅𝐴(𝑥∗

𝑖+1)

≥ (𝑛− 𝑖) ⋅
𝑖∑

𝑗=1
𝐴(𝑥∗𝑗 ). □

Unfortunately, 𝑊  does not satisfy the generalization of Proposition 4.20, as the following example shows.
Λ
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Example 4.24. We will show that the following inequality does not hold:

𝑌 
Λ (𝐴,𝐵) ≥𝑊 

Λ (𝐴,𝐵),

by evaluating

max
𝐴,𝐵∈̃(𝑋)

(
𝑊 

id
(𝐴,𝐵) − 𝑌 

id
(𝐴,𝐵)

)
,

for 𝑋 = {𝑥1, 𝑥2} (i.e., 𝑛 = 2),  = 𝐾𝐷 and id(𝑥) = 𝑥 for every 𝑥 ∈ [0, 1]. To gain insight, we first rewrite the difference between the 
two quantifiers as follows:

Δ(𝐴,𝐵) ∶=𝑊 
id
(𝐴,𝐵) − 𝑌 

id
(𝐴,𝐵)

=
2∑
𝑖=1

((𝐴,𝐵)(𝑥𝑖)
2

)
⋅
(

2 ⋅𝐴(𝑥𝑖)
𝐴(𝑥1) +𝐴(𝑥2)

− 1
)
.

Now, assume 𝐵 = {𝑥1} and 𝐴 = {(𝑥1, 1), (𝑥2, 𝑎)} for some 𝑎 ∈ [0, 1]. Using (𝐴, 𝐵) = {(𝑥1, 1), (𝑥2, 1 − 𝑎)}, we get:

Δ(𝐴,𝐵) = 𝑎(1 − 𝑎)
2(𝑎+ 1)

d

d𝑎
(Δ(𝐴,𝐵)) = −𝑎

2 + 2𝑎− 1
2(𝑎+ 1)2

.

Setting d

d𝑎
(Δ(𝐴, 𝐵)) to zero we get that the maximal positive value of Δ(𝐴, 𝐵) is reached for 𝑎 = −2+

√
8

2 :

max
𝐴,𝐵

(
𝑊 

id
(𝐴,𝐵) − 𝑌 

id
(𝐴,𝐵)

)
≈ 0.0858,

for 𝑛 = 2.

Finally, we have the following inequality that shows that the WOWA model always results in larger lower approximations than 
the YWI model.

Proposition 4.25. We have the following inequality:

𝑊 
Λ (𝐴,𝐵) ≥ 𝑌 2

Λ(𝐴,𝐵),

for every 𝐴, 𝐵 ∈ ̃(𝑋).

Proof. Follows from 𝜇𝐴Λ ≥ 𝜇′Λ. □

5. Experimental evaluation

In this section, we evaluate the different FQFRS models based on different binary quantification models when applied to classifi-

cation. Section 5.1 describes a simple classification algorithm that we will use to test the different FQFRS models. In Section 5.2, we 
lay out the setup of the experiment, while Section 5.3 discusses the results.

5.1. Classification using fuzzy rough sets

The goal of classification is to predict the class of an instance, given a set of examples. More specifically, the set of examples is 
given in the form of a decision system (𝑋,  ∪ {𝑑}). For classification, we assume that 𝑑 is a categorical attribute; the attributes of 
 can either be categorical or numerical. The problem of classification is then to predict for a new instance 𝑥 ∉ 𝑋, for which the 
evaluations of the conditional attributes are given, the value of 𝑑(𝑥). A simple algorithm for classification [39], using fuzzy rough 
sets, is to classify a test instance to the decision class for which it has the greatest membership to the lower approximation of that 
class. In case of ties the algorithm chooses the first class. This algorithm is well-suited to test the different FQFRS models, since 
we have only focused on improving the lower approximation. To calculate these lower approximations, we need a fuzzy relation 
𝑅 ∈  (𝑋 ×𝑋) describing the similarity between instances based on the conditional attributes. In the experiment below we will make 
use of the following relation:

𝑅(𝑥, 𝑦) = 1|| ∑
𝑎∈

𝑅𝑎(𝑥, 𝑦),

where
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Table 1

Description of the 24 used UCI datasets (# Cl. = number of classes, # Ft. = number of features, # Inst. = number of 
instances).

Name # Cl. # Ft. # Inst. Name # Cl. # Ft. # Inst.

accent 6 12 329 pop-failures 2 18 540

append. 2 7 106 segment 7 19 2310

banknote 2 4 1372 somerville 2 6 143

biodeg 2 41 1055 sonar 2 60 208

breast. 6 9 106 spectf 2 44 267

coimbra 2 9 116 sports. 2 59 1000

debrecen 2 19 1151 transfusion 2 4 748

faults 7 27 1941 wdbc 2 30 569

haber. 2 3 306 wifi 4 7 2000

ilpd 2 10 579 wisconsin 2 9 683

iono. 2 34 351 wpbc 2 32 138

leaf 30 14 340 yeast 10 8 1484

𝑅𝑎(𝑥, 𝑦) = max
(
1 − |𝑎(𝑦) − 𝑎(𝑥)|

𝜎𝑎
,0
)
,

and 𝜎𝑎 denotes the standard deviation of 𝑎.

5.2. Setup

The different binary quantification models we will evaluate are:

• OWA: OWA-based fuzzy rough sets, i.e., 𝑌 
Λ ,

• WOWA: lower approximation calculated using 𝑊 
Λ ,

• YWI: lower approximation calculated using 𝑌 2
Λ ,

• FOWA: lower approximation calculated using 𝑂𝑊𝐴

(
𝑄2

Λ
)
,

• VQFRS: vaguely quantified fuzzy rough sets, i.e., 𝑍2
Λ,

• 𝐶𝑋 : lower approximation calculated using 𝐶𝑋

(
𝑄2

Λ
)
,

• FRS: classical fuzzy rough sets, i.e., lower approximation calculated using the RIM quantifier Λ∀ (cf. Proposition 4.16).

The Kleene-Dienes implicator is used in all models. Notice that the exact choice of implicator is not important. Indeed, since the 
second argument is always crisp, only the choice of the underlying negator is important, which in our case is the standard negator. 
The lower approximations will be evaluated using the RIM quantifiers Λ(𝑥) = Λ(𝑎,1)(𝑥) (Eq. (7)) for

𝑎 ∈ [0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.925,0.95,0.975,0.99,0.999],

where we have chosen finer steps at the end to observe the convergence of Λ(𝑎,1) to the universal quantifier Λ∀ as 𝑎 approaches 1. 
We evaluate the performance on 24 datasets (Table 1) from the UCI-repository [40] by means of stratified 5-fold cross-validation. All 
of the datasets only have numerical features. Since we are comparing noise-tolerant fuzzy rough set models, we add 20% class label 
noise to the datasets, i.e., for 20% randomly chosen elements we replace the class label with another randomly chosen class label. 
The balanced accuracy is used as the performance measure.

5.3. Results and discussion

The mean balanced accuracy and mean fractional rank (i.e., items with equal scores receive the same ranking number, which 
is the mean of what they would have under ordinal rankings) are plotted against the RIM quantifier parameter 𝑎 in Figs. 1 and 2, 
respectively. A zoomed-in plot of the mean balanced accuracy is given in Fig. 3. The first thing we notice is that ZAD and 𝐶𝑋

perform very poorly (mean balanced accuracy of less than 0.5). An explanation for the poor performance of ZAD is that the ratio

|𝑅𝑦 ∩𝐶||𝑅𝑦| =
∑

𝑥∈𝐶 𝑅(𝑥, 𝑦)∑
𝑥∈𝑋 𝑅(𝑥, 𝑦)

,

where 𝐶 is one of the decision classes, is generally very small and thus the lower approximations of ZAD are usually zero, which 
results in always choosing the first class and yielding a balanced accuracy of less than 0.5. The problem with the 𝐶𝑋 model is 
exactly the problem that Glöckner addresses, i.e., the model is too cautious and evaluates sentences as 0.5 most of the time, thus 
resulting in the fact that many classes have the same value for their lower approximation. Furthermore, we observe from Figs. 1 and 2

that WOWA and OWA coincide almost everywhere, and thus that WOWA is not worth the extra complexity. A second observation is 
that the YWI quantifier almost always outperforms OWA and WOWA, except for 𝑎 values close to 1, where OWA and WOWA perform 
the best. However, this worse performance for larger values of 𝑎 can actually be seen as a good property of YWI, since it shows that 
YWI behaves more smoothly with respect to the RIM quantifiers. Indeed, when the 𝑎 parameter approaches 1, the RIM quantifier 
17
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Fig. 1. Plot of the mean balanced accuracy. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

Fig. 2. Plot of the mean fractional rank.

Λ(𝑎,1) approaches the universal RIM quantifier Λ∀, and thus, using Proposition 4.16 and 4.17, all the lower approximations (except 
ZAD) should, from an intuitive perspective, approach the classical lower approximation. In Fig. 1, we see that YWI and FOWA do 
this smoothly, as opposed to OWA and WOWA. Also note the overall robustness of FOWA with respect to the parameter 𝑎, and that 
FOWA outperforms all other quantifiers for 𝑎 values smaller than 0.6, but that the highest achieved performance is less than YWI, 
OWA and WOWA. So FOWA does have some benefits, however since it does not achieve a high maximum accuracy, it is not worth 
the extra complexity. Furthermore, note that YWI and OWA’s highest achieved mean balanced accuracy are equal, but YWI sustains 
it for a wider range of 𝑎 values. In other words, YWI is more robust with respect to the RIM quantifier.

To discern if some of these methods outperform others consistently and significantly, we perform two-sided Wilcoxon signed ranks 
tests. The results of these tests are displayed in Fig. 4. Notice that YWI outperforms OWA and WOWA with very high significance 
(𝑝 < 10−4) for 𝑎 values smaller than 0.95 and also significantly outperforms FOWA for high values of 𝑎 (𝑎 ≥ 0.9, 𝑝 ≤ 0.01). For 𝑎-values 
larger than 0.975 there is weak evidence (𝑝 < 0.1) that OWA outperforms YWI, agreeing with our conclusions above. For FOWA 
we notice that for small values of 𝑎 it significantly outperforms OWA and WOWA but not FRS. Also observe that FRS significantly 
18



Fig. 3. Zoomed in plot of the mean balanced accuracy.

outperforms OWA and WOWA but not FOWA and YWI for small values of 𝑎. In summary, the findings of this study demonstrate that 
the YWI method surpasses the OWA method across a majority of 𝑎 values, making it the preferred choice. Moreover, the YWI method 
exhibits smoother performance, which is particularly advantageous in the context of hyperparameter optimization. The stability of 
the FOWA model across different 𝑎 values is noteworthy. However, this stability comes at the expense of not achieving the maximum 
attainable accuracy compared to other methods.

6. Conclusion

We have introduced fuzzy quantifier-based fuzzy rough sets (FQFRS), a general definition of fuzzy rough sets based on fuzzy 
quantifiers. FQFRS allows to position existing models and compare them on the basis of their associated fuzzy quantifiers. In addition, 
this general model can lead to improved models in terms of performance and interpretability by using semantically more sound binary 
quantification models. Furthermore, we have introduced different binary quantification models that can be used with FQFRS and 
studied some of their theoretical properties. From this theoretical analysis, we can conclude that the YWI binary quantification model 
(YWI-FQFRS), together with the DFS-based models FOWA and 𝐶𝑋 , behave the most intuitively. In addition, we have demonstrated 
that YWI-FQFRS acts more smoothly with respect to the RIM quantifier than OWAFRS, aiding hyperparameter tuning, and overall 
outperforms OWAFRS when choosing the RIM quantifier a priori. All these benefits make YWI-FQFRS a worthy competitor to 
OWAFRS. Finally, we have shown that on every level YWI-FQFRS is an improvement on VQFRS.

One direction for future research is to find out how the properties of the used quantifiers translate to properties of the corre-

sponding fuzzy rough sets, and vice versa. A theoretical study of the smoothness with respect to the RIM quantifier would also be 
interesting. Furthermore, testing FQFRS on an application where both arguments are fuzzy, as well as experimenting with different 
similarity relations, is necessary to investigate the performance of FQFRS. Finally, proposing new binary quantification models for 
the lower approximation in FQFRS might yield even better fuzzy rough set models.
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Fig. 4. Heatmap of the 𝑝-values from the pairwise two-sided Wilcoxon signed rank test.
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[11] A. Dvořák, M. Holčapek, Fuzzy quantifiers defined over fuzzy domains, Fuzzy Sets Syst. (2020).

[12] D. Dubois, H. Prade, Rough fuzzy sets and fuzzy rough sets, Int. J. Gen. Syst. 17 (2–3) (1990) 191–209.

[13] L.A. Zadeh, Fuzzy sets, Inf. Control (1965).

[14] Z. Pawlak, Rough sets, Int. J. Comput. Inf. Sci. 11 (5) (1982) 341–356.

[15] S. Vluymans, L. D’eer, Y. Saeys, C. Cornelis, Applications of fuzzy rough set theory in machine learning: a survey, Fundam. Inform. 142 (1–4) (2015) 53–86.

[16] C. Cornelis, M. De Cock, A.M. Radzikowska, Vaguely quantified rough sets, in: International Workshop on Rough Sets, Fuzzy Sets, Data Mining, and Granular-Soft 
Computing, Springer, 2007, pp. 87–94.

[17] A. Theerens, O.U. Lenz, C. Cornelis, Choquet-based fuzzy rough sets, Int. J. Approx. Reason. (2022), https://doi .org /10 .1016 /j .ijar .2022 .04 .006.

[18] C. Cornelis, N. Verbiest, R. Jensen, Ordered weighted average based fuzzy rough sets, in: International Conference on Rough Sets and Knowledge Technology, 
Springer, 2010, pp. 78–85.

[19] J. Fernández Salido, S. Murakami, On 𝛽-precision aggregation, Fuzzy Sets Syst. 139 (3) (2003) 547–558, https://doi .org /10 .1016 /S0165 -0114(03 )00003 -4, 
https://www .sciencedirect .com /science /article /pii /S0165011403000034.

[20] J. Fernández Salido, S. Murakami, Rough set analysis of a general type of fuzzy data using transitive aggregations of fuzzy similarity relations, Fuzzy Sets Syst. 
139 (3) (2003) 635–660, https://doi .org /10 .1016 /S0165 -0114(03 )00124 -6, https://www .sciencedirect .com /science /article /pii /S0165011403001246.

[21] A. Mieszkowicz-Rolka, L. Rolka, Variable precision fuzzy rough sets, in: Transactions on Rough Sets I, Springer, 2004, pp. 144–160.

[22] Y. Yao, J. Mi, Z. Li, A novel variable precision (𝜃, 𝜎)-fuzzy rough set model based on fuzzy granules, Fuzzy Sets Syst. 236 (2014) 58–72, https://doi .org /10 .1016 /
j .fss .2013 .06 .012, theme: Algebraic Aspects of Fuzzy Sets, https://www .sciencedirect .com /science /article /pii /S0165011413002753.

[23] Q. Hu, S. An, D. Yu, Soft fuzzy rough sets for robust feature evaluation and selection, Inf. Sci. 180 (22) (2010) 4384–4400, https://doi .org /10 .1016 /j .ins .2010 .
07 .010, https://www .sciencedirect .com /science /article /pii /S0020025510003282.

[24] A. Hadrani, K. Guennoun, R. Saadane, M. Wahbi, Fuzzy rough sets: survey and proposal of an enhanced knowledge representation model based on automatic 
noisy sample detection, Cogn. Syst. Res. 64 (2020) 37–56, https://doi .org /10 .1016 /j .cogsys .2020 .05 .001, https://www .sciencedirect .com /science /article /pii /
S1389041720300255.

[25] S. An, Q. Hu, W. Pedrycz, P. Zhu, E.C.C. Tsang, Data-distribution-aware fuzzy rough set model and its application to robust classification, IEEE Trans. Cybern. 
46 (12) (2016) 3073–3085, https://doi .org /10 .1109 /TCYB .2015 .2496425.

[26] S. An, Q. Hu, C. Wang, Probability granular distance-based fuzzy rough set model, Appl. Soft Comput. 102 (2021) 107064, https://doi .org /10 .1016 /j .asoc .2020 .
107064, https://www .sciencedirect .com /science /article /pii /S1568494620310024.

[27] B. Huang, W.-Z. Wu, J. Yan, H. Li, X. Zhou, Inclusion measure-based multi-granulation decision-theoretic rough sets in multi-scale intuitionistic fuzzy information 
tables, Inf. Sci. 507 (2020) 421–448.

[28] A. Theerens, C. Cornelis, Fuzzy quantifier-based fuzzy rough sets, in: 2022 17th Conference on Computer Science and Intelligence Systems (FedCSIS), 2022, 
pp. 269–278.

[29] L.A. Zadeh, Test-score semantics for natural languages, in: Coling 1982: Proceedings of the Ninth International Conference on Computational Linguistics, 1982.

[30] A.M. Radzikowska, E.E. Kerre, A comparative study of fuzzy rough sets, Fuzzy Sets Syst. 126 (2) (2002) 137–155.

[31] L. D’eer, N. Verbiest, C. Cornelis, L. Godo, A comprehensive study of implicator–conjunctor-based and noise-tolerant fuzzy rough sets: definitions, properties and 
robustness analysis, Fuzzy Sets Syst. 275 (2015) 1–38.

[32] R.R. Yager, On ordered weighted averaging aggregation operators in multicriteria decisionmaking, IEEE Trans. Syst. Man Cybern. 18 (1) (1988) 183–190.

[33] G. Beliakov, A. Pradera, T. Calvo, et al., Aggregation Functions: A Guide for Practitioners, vol. 221, Springer, 2007.

[34] Z. Wang, G.J. Klir, Generalized Measure Theory, vol. 25, Springer Science & Business Media, 2010.

[35] V. Torra, The weighted owa operator, Int. J. Intell. Syst. 12 (2) (1997) 153–166.

[36] R.R. Yager, Fuzzy quotient operators for fuzzy relational data bases, Fuzzy Eng. Toward Human Friend. Syst. 1 (1991) 13–15.

[37] W. Bandler, L. Kohout, Fuzzy power sets and fuzzy implication operators, Fuzzy Sets Syst. 4 (1) (1980) 13–30.

[38] C. Cornelis, R. Jensen, A noise-tolerant approach to fuzzy-rough feature selection, in: 2008 IEEE International Conference on Fuzzy Systems (IEEE World Congress 
on Computational Intelligence), IEEE, 2008, pp. 1598–1605.

[39] S. Vluymans, Dealing with Imbalanced and Weakly Labelled Data in Machine Learning Using Fuzzy and Rough Set Methods, Springer, 2019.

[40] D. Dua, C. Graff, UCI machine learning repository, http://archive .ics .uci .edu /ml, 2017.
21

http://refhub.elsevier.com/S0165-0114(23)00349-4/bib581AB9D185AA53F77D3D282BF58BEE23s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib6BE08D89B01911B1CFE3CBA31E48A239s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib6BE08D89B01911B1CFE3CBA31E48A239s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib4212818A7AF724B722F0E753F7BA7C25s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib4212818A7AF724B722F0E753F7BA7C25s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib687442FDC66BD35CBA381A774EA2678Fs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib1ACDC4FE30CE6AEB4539A2995F625E52s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibC2A4DE5DA2134EA5EC511273F7D05E1Bs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibE886D6424125A2FC6A8ED268C77E9AD6s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib349CB7DAE90CAB34FCB0227007E336B4s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibAED0F07EA714D3D28376B094308ECD07s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibAED0F07EA714D3D28376B094308ECD07s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibFC0F30D373D4D9E305886B167455EDCBs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibB358B72F222AB62441C738777AA4F5D0s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib0E2441111B97892D26B55D6B5543BF00s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibE884028B26422DA689922F90602F1B93s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibAB285F72E59F37636CB4CBB2E5ECA6CDs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibA2B46B539B025BD1A331B8F1241A7246s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib4CAAD455C0F900DDBEE2BE451DA82174s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib4CAAD455C0F900DDBEE2BE451DA82174s1
https://doi.org/10.1016/j.ijar.2022.04.006
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibD55E417717503A03A786F5A72955AC44s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibD55E417717503A03A786F5A72955AC44s1
https://doi.org/10.1016/S0165-0114(03)00003-4
https://www.sciencedirect.com/science/article/pii/S0165011403000034
https://doi.org/10.1016/S0165-0114(03)00124-6
https://www.sciencedirect.com/science/article/pii/S0165011403001246
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib8D7020FD0E1507B69C32BFE8BD80C7E4s1
https://doi.org/10.1016/j.fss.2013.06.012
https://doi.org/10.1016/j.fss.2013.06.012
https://www.sciencedirect.com/science/article/pii/S0165011413002753
https://doi.org/10.1016/j.ins.2010.07.010
https://doi.org/10.1016/j.ins.2010.07.010
https://www.sciencedirect.com/science/article/pii/S0020025510003282
https://doi.org/10.1016/j.cogsys.2020.05.001
https://www.sciencedirect.com/science/article/pii/S1389041720300255
https://www.sciencedirect.com/science/article/pii/S1389041720300255
https://doi.org/10.1109/TCYB.2015.2496425
https://doi.org/10.1016/j.asoc.2020.107064
https://doi.org/10.1016/j.asoc.2020.107064
https://www.sciencedirect.com/science/article/pii/S1568494620310024
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibEFE49B5FE0C5357B3229CEF769F2DE85s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bibEFE49B5FE0C5357B3229CEF769F2DE85s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib6307D8B9DC824F364326687A38C72BD7s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib6307D8B9DC824F364326687A38C72BD7s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib0A72C6363E6ECF7673D0C97DB59B2B6Fs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib15BEABEA7F630B0832A124A1EC3889BDs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib37063BE756BB4A0C13BBE6370B96368Cs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib37063BE756BB4A0C13BBE6370B96368Cs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib07F1D62E1689A83B62352635E3B0726Cs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib0EEF89ED4B466587B7DEBA00B1480BD4s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib762F1A249D397ED1CAB54811BB2AAFA3s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib96B963D925ED846BF44E554D79B9D388s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib1DBC0F2B5B229A1D398E3A7A0141BA93s1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib13470D5A147D3AA1C6ADECA1B9C47EEDs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib13470D5A147D3AA1C6ADECA1B9C47EEDs1
http://refhub.elsevier.com/S0165-0114(23)00349-4/bib688066B347E162FA2508FC79D73941CFs1
http://archive.ics.uci.edu/ml

	Fuzzy rough sets based on fuzzy quantification
	1 Introduction
	2 Preliminaries
	2.1 Fuzzy logic
	2.2 Fuzzy rough sets
	2.3 OWA-based fuzzy rough sets
	2.4 The Choquet integral
	2.5 Fuzzy quantification

	3 Fuzzy quantifier-based fuzzy rough sets
	4 Binary quantification models
	4.1 Problem with Yager’s implication-based binary quantification model / OWAFRS
	4.2 Solutions
	4.2.1 Solution 1: DFS-based binary quantification models
	4.2.2 Solution 2: Weighted ordered weighted average-based binary quantification model
	4.2.3 Solution 3: Yager’s weighted implication-based binary quantification model

	4.3 Theoretical study of the binary quantification models
	4.3.1 Yager’s implication based binary quantification model linked to DFS
	4.3.2 Behaviour under the existential and universal RIM quantifier
	4.3.3 Argument monotonicity
	4.3.4 Inequalities between the different models


	5 Experimental evaluation
	5.1 Classification using fuzzy rough sets
	5.2 Setup
	5.3 Results and discussion

	6 Conclusion
	Declaration of competing interest
	Data availability
	Acknowledgement
	References


