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In this paper, we discuss a semantically sound approach to covering-based rough sets. We 
recall and elaborate on a conceptual approach to Pawlak’s rough set model, in which 
we consider a two-part descriptive language. The first part of the language is used to 
describe conjunctive concepts, while in the second part disjunctions are allowed as well. 
Given the language, we discuss its elementary and definable sets, and we study how the 
approximation operators can be seen as derived notions of the family of definable sets, 
which is represented by a Boolean algebra over a partition. Furthermore, we generalize 
the two parts of the language in order to describe concepts of covering-based rough sets. 
Unfortunately, the family of definable sets will no longer be represented by a Boolean 
algebra over a partition, but by the union-closure of a covering. Therefore, only the derived 
covering-based lower approximations of sets are definable for the generalized language. In 
addition, it is discussed how the two-part languages are used to construct decision rules, 
which are used in data mining and machine learning.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In a recent paper, Yao [36] argued that there are two sides to rough set theory: a conceptual and a computational one. 
In a conceptual approach it is studied how to define various notions and concepts of the theory, while in a computational 
approach it is studied how to compute them. Therefore, the former approach provides insights to the concepts of the theory, 
but may not supply computationally efficient algorithms, whereas the latter approach is very suitable for computations and 
applications, but the meaning of the concepts may be lost. Hence, both approaches are fundamental in the research on 
rough set theory.

A fundamental task of rough set theory is to analyze data representation in order to derive decision rules [8]. The 
left-hand-side (LHS) and the right-hand-side (RHS) of a rule are descriptions of two concepts and the rule is a linkage 
between the two concepts. In general, the left-hand-side consists of a conjunction of atomic formulas (atoms), where an 
atomic formula describes the smallest information block for a given attribute of the table and a possible value of that 
attribute. The right-hand-side of a rule consists of a disjunction of such atomic formulas. If an object satisfies all the atomic 
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formulas in the left-hand-side of a decision rule, it will satisfy one of the atomic formulas in the right-hand-side of the rule. 
Hence, we can make a decision on this object.

It is important to have a formal way to represent and interpret those descriptors. To describe the semantics of a con-
cept, we discuss its intension and its extension [36]. While the intension of a concept describes the properties that are 
characteristics of the concept, the extension of a concept contains all the objects satisfying the properties of the intension. 
Unfortunately, the intensions of concepts are barely discussed in the computational models, and if they are discussed, the 
intension and extension of a concept are not explicitly connected, as happens in Bonikowski et al. [1].

Such a semantically sound approach using both the intension and extension was already suggested by Pawlak [15] and 
Marek and Pawlak [12] prior to the introduction of rough set theory. However, except for a few articles by Marek and 
Truszczyński [13] and Yao [32,33,37], the conceptual formulation of rough sets is scarcely discussed. For three decades, 
the focus of the rough set research field has been on the computational approach of rough set approximation operators. 
Since Pawlak’s seminal paper on rough sets in the early 1980s [16], the development of computational rough set models 
has flourished. Inter alia, a binary relation or neighborhood operator is often used to describe the indiscernibility relation 
between instances of the universe [22,25,29,30,41]. In addition, several covering-based rough set models are defined in 
literature [2,9,18,21,24,26–28,30,38–41]. More recently, the classification and comparison of these different rough set models 
have been discussed [3,19,20,35]. However, whereas in the model of Pawlak there is a clear semantical connection between 
the given data in the information or decision table, this connection is often absent in generalized models.

With the aim of refocusing our attention again on the earlier research, we recall the rough set framework of Pawlak [16,
17] from a semantical point of view. Starting from the data, the definability of subsets of the universe is discussed before the 
notion of approximation operators [32]. In order to do this, a descriptive language is constructed in two parts. The formulas 
in the language are considered the intensions of the concepts. Corresponding to a formula, its meaning set, i.e., the set of 
objects satisfying the formula, is the extension of the concept. A set of objects is therefore definable, if it is the meaning 
set of a formula in the descriptive language, otherwise, it is undefinable. From this point of view, approximation operators 
are introduced in order to describe undefinable sets by means of definable sets. Given an undefinable set X , the greatest 
definable set contained in X is called the lower approximation of X , while the least definable set containing X is called 
the upper approximation of X . Therefore, these approximation operators are the only meaningful ones in this framework. 
Moreover, it will be discussed that the definable sets for Pawlak’s model can be computed by a Boolean algebra over a 
partition related to the data.

Unfortunately, it is not always possible to define such a partition, for example, when the data is incomplete. Computa-
tional approaches for incomplete information tables were already discussed by Kryszkiewicz [10,11] and Grzymala-Busse [7]. 
Other examples include ordered information tables, in which the equivalence classes will mostly consist of only one object 
which is unreasonable for applications such as rule induction. For analyzing such information tables, Greco et al. used 
dominance-based rough sets [4,5,23]. Therefore, we extend the semantical approach of Pawlak’s model to more general 
covering-based rough set models. However, the definable sets will no longer be computed by the use of a Boolean algebra 
over a partition, but by the union-closure of a covering.

The outline of this article is as follows. In Section 2, we situate our research and outline the main goal of this paper. 
We discuss the notion of an elementary and a definable set, and their connection with rule induction. In Section 3, we 
introduce a semantically sound approach to Pawlak’s original rough set model, which is generalized for covering-based 
rough set models in Section 4. To end, we state concluding remarks and future research directions in Section 5.

2. A new conceptual understanding of rough set models

A possible application of Pawlak’s rough set model and covering-based rough set models is rule induction. It is an 
important technique to extract knowledge from data represented in a decision table [8]. In this article, we assume the table 
to be complete. A complete information table is represented by the following tuple:

T = (U , At, {Va | a ∈ At}, {Ia | a ∈ At}),
where U is a finite non-empty set of objects called the universe, At is a finite non-empty set of attributes, Va is a non-empty 
set of values for a ∈ At , and Ia : U → Va is a complete information function that maps an object of U to exactly one value 
in Va . The table T is called a complete decision table if the set of attributes At is the union of two disjoint sets C and {d}, 
with C the set of conditional attributes and d the decision attribute.

Knowledge in a decision table may be described with a set of rules, where each rule consists of a condition part (left-
hand-side) and decision part (right-hand-side), based on the conditional and decision attributes of the table, respectively. In 
general, the condition part of a rule can be written as a conjunction of atoms, while the decision part of the rule consists 
of a disjunction of atoms. For example, a rule can be represented as follows:

If object x satisfies condition1 ∧ condition2 ∧ . . . ∧ conditionn ,
then x satisfies decision1 ∨ decision2 ∨ . . . ∨ decisionm .

Every atom is a formula related to an attribute a and one of its values v . It is therefore the intension related to the 
smallest indivisible block of information we can obtain from a decision table given the pair (a, v). Every object that satisfies 
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Fig. 1. Scheme comparing Pawlak’s model and covering-based models.

the condition part of a rule will certainly or possibly satisfy the decision part of that rule, depending of the rule is certain 
or possible [6]. In this article, we will restrict to certain rules, i.e., if the objects satisfy all the information blocks in the 
condition part, it will satisfy one of the information blocks in the decision part. Therefore, rule induction can be used for 
the classification of new instances.

In Fig. 1, a schematic overview is given of the results which we shall present in this article. Given a table representing 
the data, a descriptive language is constructed. The formulas of this descriptive language represent the intensions of the 
considered concepts (‘Semantics’). The formulas of the language are constructed in two parts. First, we describe formulas 
consisting of the conjunction of atomic formulas of the language. Concepts with a conjunctive formula as intension are 
called ‘conjunctive concepts’. Next, the disjunctions of conjunctive formulas are described.

Moreover, the extensions of the considered concepts are discussed. These extensions are represented by a subset of the 
universe of discourse. The extension corresponding to a conjunctive formula is called an elementary set, while a disjunction 
of conjunctive formulas results in a definable set. The elementary and definable sets can be regarded as a certain structure 
related to the universe which depends on the chosen framework (Pawlak or covering-based).

Given the family of definable sets, we are able to define approximation operators based on this family. As every definable 
set can be regarded as a union of elementary sets, every subset X of the universe of discourse can either be described by 
elementary sets if X is definable, or X can be approximated by elementary sets if it is undefinable.

In Section 3, we will describe a semantically sound approach for Pawlak’s model. We show that the elementary sets can 
be computationally described by a partition U/E on the universe, determined by an equivalence relation E [16]. Moreover, 
the definable sets are formed by closing the partition under union, resulting in a Boolean algebra B(U/E) over this partition. 
Although Pawlak’s model provides very strong structures to describe the elementary and definable sets, it is not always 
possible to build an equivalence relation (see e.g., [4,5,7,11,23]). Therefore, the descriptive language associated with Pawlak’s 
model should be generalized. As we will discuss in Section 4, the elementary sets are generally described by a covering C

instead of a partition U/E . Moreover, the union-closure ∪∗(C) of the covering C will describe the definable sets for the 
extended generalized descriptive language. In general, this will no longer be a Boolean algebra.

3. Semantically sound approach of Pawlak’s rough set model

We first elaborate on a semantically sound approach of Pawlak’s rough set model. We construct a two-part language and 
discuss the elementary and definable sets corresponding to this language. Moreover, we study how to derive the approxi-
mation operators and we discuss how the computational model of Pawlak is related to this semantical approach.

3.1. A descriptive language for conjunctive concepts

In order to define the intension of a concept in Pawlak’s rough set model, we present the following semantically sound 
approach. First, we introduce the descriptive language DL for conjunctive concepts. The symbols of the language DL are the 
finite set of attribute symbols At , the symbol = and the finite set of values Va for each attribute a ∈ At . The descriptive 
language DL is now defined by

1. atomic formulas or atoms (a, =, v) with a ∈ At and v ∈ Va ,
2. if ϕ, ψ ∈ DL, then (ϕ ∧ ψ) ∈ DL.

That is, the descriptive language DL consists of the atoms (a, =, v) and is closed under finite conjunctions. For A ⊆ At , we 
denote DLA for the descriptive language restricted to the attributes of A. If A = {a}, the language will be denoted by DLa . 
For the remainder of this section, we will work with the language DLA , as DL is a special case for A = At .

Given an instance x ∈ U and a formula ϕ ∈ DLA , the satisfiability of ϕ by x, denoted by x �A ϕ , is defined as follows:

1. x �A (a, =, v) if and only if Ia(x) = v for a ∈ A and v ∈ Va ,
2. x �A (ϕ ∧ ψ) if and only if x �A ϕ and x �A ψ .



L. D’eer et al. / International Journal of Approximate Reasoning 78 (2016) 62–72 65
Thus, an object x satisfies an atomic formula (a, =, v) if the information function Ia maps x to v . Moreover, x satisfies the 
conjunction of formulas, if it satisfies all formulas in the conjunction.

Based on the satisfiability relation �A for the descriptive language DLA , we define the meaning set [14] corresponding to 
a formula ϕ ∈ DLA as the set of objects in U which satisfy ϕ:

mA(ϕ) = {x ∈ U | x �A ϕ}.
The meaning set of an atom (a, =, v) consists of those objects x such that Ia(x) = v . Furthermore, notice that the meaning 
set of a conjunction of formulas equals the intersection of the meaning sets of the formulas in the conjunction. The meaning 
set mA(ϕ) is exactly the extension of the concept which intension is the formula ϕ . A formula of which the meaning set is 
the whole universe is called a valid formula for the language DLA .

We can now define the definability of a set of objects for the language DLA . A subset X ⊆ U is called an A-definable 
set, if there exists a formula ϕ ∈ DLA such that X is the meaning set of ϕ , i.e., X = mA(ϕ). If X is not A-definable, it is 
called an A-undefinable set. The set of A-definable sets given the table T is denoted by DEFDLA (T ). Note that every formula 
ϕ ∈ DLA can be seen as a conjunction. Therefore, X ∈ DEFDLA (T ) is sometimes called a conjunctively A-definable set. Next, 
we discuss an important subset of DEFDLA (T ).

Let ϕ be the left-hand-side of a rule related to the information table, then ϕ is the conjunction of information blocks 
from one row in the table. Hence, there exists a set A ⊆ C , i.e., a set of conditional attributes, and an object x ∈ U such that

ϕ =
∧

a∈A

(a,=, Ia(x)),

i.e., ϕ is the conjunction over the conditional attributes of A of atoms related to a specific attribute x. The meaning set 
of such a formula ϕ is called an A-elementary set [16,36]. Note that every A-elementary set is also A-definable for the 
language DLA , but is specifically in correspondence with a formula which represents the left-hand-side of a rule. Therefore, 
the A-elementary sets will be important from a computational point of view, as they are useful for the classification of 
a new object: if a new object belongs to an A-elementary set, then it satisfies the left-hand-side of a rule, and thus it 
certainly satisfies its right-hand-side and hence, it can be classified.

However, given the language DLA , we are not able to describe the right-hand-side of rules, as they are generally described 
by a disjunction of atomic formulas in DLd , with d the decision attribute. Therefore, we have to extend the descriptive 
language.

3.2. A descriptive language for disjunctions of conjunctive concepts

The extended descriptive language EDLA for A ⊆ At has the same symbols as the language DLA . The formulas of EDLA
are defined by

1. if ϕ ∈ DLA , then ϕ ∈ EDLA ,
2. if ϕ, ψ ∈ EDLA , then (ϕ ∨ ψ) ∈ EDLA .

Hence, the descriptive language DLA is included in the extended descriptive language EDLA . Furthermore, EDLA is closed 
under finite disjunctions. Again, we denote EDLa for A = {a}.

The satisfiability relation �A is extended as well: given an object x ∈ U and a formula ϕ ∈ EDLA , then the satisfiability of 
ϕ by x in EDLA , denoted by x �E

A ϕ , is defined in the following way:

1. if ϕ ∈ DLA , then x �E
A ϕ if and only if x �A ϕ ,

2. x �E
A (ϕ ∨ ψ) if and only if x �E

A ϕ or x �E
A ψ .

We see that the satisfiability relation �E
A reduces to the relation �A for formulas in DLA . Furthermore, an object x satisfies 

a disjunction of formulas, if it satisfies at least one formula in the disjunction.
The meaning set mE

A(ϕ) of a formula ϕ ∈ EDLA represents all the objects which satisfy ϕ for �E
A :

mE
A(ϕ) = {x ∈ U | x �E

A ϕ}.
Since the satisfiability relation �E

A reduces to the relation �A for a formula in DLA , the meaning set of formulas of DLA does 
not change for the extended descriptive language EDLA . Moreover, note that the meaning set of a disjunction of formulas 
is the union of the meaning sets of the formulas in the disjunction. If mE

A (ϕ) = U , then ϕ is called a valid formula in the 
language EDLA . Note that every formula valid in DLA is also valid in EDLA .

Given A ⊆ At , the A-definable sets of the table T for the extended descriptive language EDLA , denoted by DEFEDLA (T ), 
are the subsets X ⊆ U which are the meaning set of a formula in EDLA , i.e., X is A-definable if it is the extension of a 
concept which intension is a formula in EDLA . If X is not A-definable, it is called A-undefinable in EDLA .

We are now able to describe both the left-hand-side and the right-hand-side of a rule, as they are formulas in the 
language EDLAt . More specifically, the left-hand-side of the rule is a formula in the language DLA , with A ⊆ C a set of 
conditional attributes, and the right-hand-side of the rule is a formula in the language EDLd , with d the decision attribute.
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3.3. Approximations of undefinable sets

For an A-undefinable set, we are not able to find a formula in EDLA . However, we are able to approximate it by 
A-definable sets from DEFEDLA (T ), which leads us to the notion of approximation operators, as discussed by Yao [34,36]. 
Naturally, a set X ⊆ U is approximated from below by the family

{Y ∈ DEFEDLA (T ) | Y ⊆ X ∧ ∀Z ∈ DEFEDLA (T ), Z ⊆ X : Y ⊆ Z ⇒ Y = Z},
which is the family of maximal definable sets contained by X and it is approximated from above by the family of the 
minimal definable sets containing X :

{Y ∈ DEFEDLA (T ) | X ⊆ Y ∧ ∀Z ∈ DEFEDLA (T ), X ⊆ Z : Z ⊆ Y ⇒ Y = Z}.
However, in Pawlak’s framework, there is a unique maximal definable set contained by X and a unique minimal definable 
set containing X [34]. Hence, the lower and upper approximation of a set X ⊆ U , denoted by apr

A
(X) and aprA(X), are 

defined as follows:

apr
A
(X) = the greatest definable set in EDLA contained by X,

aprA(X) = the smallest definable set in EDLA containing X .

The tuple (apr
A
(X), aprA(X)) is called the rough set induced by X in EDLA . In addition, we can define the positive, negative 

and boundary region of a set X ⊆ U :

POSA(X) = the greatest definable set in EDLA contained by X,

NEGA(X) = the greatest definable set in EDLA contained by Xc,

BNDA(X) = (POSA(X) ∪ NEGA(X))c,

where Xc represents the set-theoretic complement. We have the following correspondence between the two-way and three-
way approximation operators: for X ⊆ U , we have that

apr
A
(X) = POSA(X),

aprA(X) = POSA(X) ∪ BNDA(X),

and

POSA(X) = apr
A
(X)

NEGA(X) = apr
A
(Xc),

BNDA(X) = aprA(X) \ apr
A
(X).

If X is A-definable, we see that both the lower and the upper approximation of X are the set X itself. Moreover, the 
positive region of X is X , the negative region of X is its complement Xc and the boundary region of X is empty. Hence, for 
an A-definable set X , all elements of the universe can be classified either in the positive or negative region of the set X .

To end this section, we discuss the meaning set of the left-hand-side of a rule and the meaning set for a set of rules 
in detail. This will provide us with a computational approach to Pawlak’s model, consistent with the semantically sound 
approach described above.

3.4. Computational approach of Pawlak’s rough set model

In [16] it is discussed that the partition U/E and the Boolean algebra B(U/E) are very important structures to construct 
the Pawlak approximation operators. Here we will see that both structures are obtained when computing the elementary 
and definable sets of the descriptive language [34].

Given a set A ⊆ At , a set X ⊆ U and a formula ϕ ∈ EDLA , the concept (X, ϕ) with extension X and intension ϕ is 
A-definable for the language EDLA if and only if X = mE

A(ϕ). As ϕ is a formula in EDLA , it is a disjunction of conjunctions 
of atoms, i.e., ϕ = (. . . ((ϕ1 ∨ ϕ2) ∨ ϕ3) ∨ . . . ∨ ϕn) with each ϕi ∈ DLA of the form

(. . . (((aij1 ,=, vij1) ∧ (aij2 ,=, vij2)) ∧ (aij3 ,=, vij3)) ∧ . . . ∧ (aijmi
,=, vijmi

)).

Hence, the meaning set of ϕ is

mE
A(ϕ) =

n⋃ jmi⋂
mA((aij,=, vij)).
i=1 j= j1



L. D’eer et al. / International Journal of Approximate Reasoning 78 (2016) 62–72 67
For i ∈ {1, . . . , n} and j ∈ { j1, . . . , jmi } the meaning set of (aij, =, vij) equals the equivalence class [xij]Eai j
, with

Eaij = {(y, z) ∈ U × U | Iai j (y) = Iai j (z)}

and xij ∈ U such that Iai j (xij) = vij . Now, for every i ∈ {1, 2, . . . , n}, we either have that 
jmi⋂

j= j1

[xij]Eai j
is empty or there exists 

an object xi ∈ U and a subset of attributes Ai ⊆ A such that it equals the equivalence class [xi ]E Ai
with E Ai = {(y, z) ∈

U × U | ∀a ∈ Ai : Ia(y) = Ia(z)}. Let k ∈ {1, 2, . . . , n} such that mA(ϕi) = [xi]E Ai
for 1 ≤ i ≤ k and mA(ϕi) = ∅ for k < i ≤ n, 

then

mE
A(ϕ) =

k⋃

i=1

[xi]E Ai
.

Hence, we conclude that the meaning set of a conjunctive formula ϕi , i.e., an Ai -elementary set, is an equivalence class 
[xi]E Ai

and the meaning set of ϕ , i.e., an A-definable set, is the union of equivalence classes based on attributes in A, i.e., 
mE

A(ϕ) ∈ B(U/E A), where B(U/E A) is the Boolean algebra over the partition U/E A . The Boolean algebra B(U/E A) contains 
∅ and U/E A and is closed under union. However, since U/E A is a partition, B(U/E A) is also closed under intersection 
and set complement. Therefore, we conclude that the A-definable sets for EDLA are efficiently computed by constructing 
B(U/E A).

Furthermore, let X ⊆ U be A-undefinable for A ⊆ At , then we can approximate X with sets in DEFEDLA (T ) = B(U/E A). 
The lower approximation of X is given by the greatest definable set in EDLA which is contained in X . As B(U/E A) is closed 
under union, the lower approximation of X is given by

apr
A
(X) =

⋃
{K ∈ B(U/E A) | K ⊆ X}.

Analogously, as the upper approximation of X is the least definable set in EDLA which contains X and as B(U/E A) is closed 
under intersection, we obtain that

aprA(X) =
⋂

{K ∈ B(U/E A) | X ⊆ K }.
Moreover, as B(U/E A) is closed under set complement, we have that the lower and upper approximation operator are dual 
operators:

(apr
A
(Xc))c = aprA(X).

Note that (apr
A
(X), aprA(X)) are in fact given by the subsystem-based definition of Pawlak’s model [35]. Although the 

subsystem-based definitions are seldom used for computational purposes, it is clear from this discussion that they provide 
a semantical meaning to the lower and upper approximation of an A-undefinable set X .

In addition, the positive and negative region of X are given by

POSA(X) =
⋃

{K ∈ B(U/E A) | K ⊆ X},
NEGA(X) =

⋃
{K ∈ B(U/E A) | K ⊆ Xc}.

If X ∈ DEFGDLA (T ), then POSA(X) = X and NEGA(X) = Xc, since B(U/E A) is closed under set complement. Therefore, the 
boundary region of an A-definable set in Pawlak’s rough set model is empty.

4. Semantically sound approach of covering-based rough set models

To discuss a semantically sound approach of covering-based rough set models, we first determine how the universe 
can be granulated. A granulation of the objects of the universe given an attribute a ∈ At is determined by relationships 
between the attribute values of Va . Examples of such relationships are the equality relation =, partial order relations , the 
membership relation ∈, or relationships obtained from clustering. However, other types of relationships than the equality 
relation do not fit in the approach discussed in Section 3 and hence, a generalization is needed.

In order to do this, we add extra semantics to the information or decision table T [31]. Let La be a set of labels for 
an attribute a ∈ At which is used to name the granules of the attribute value set Va . In general, every label in La can be 
interpreted by the values of Va . The information or decision table with added semantics T+ is the tuple (T , {La | a ∈ At}), 
with T the original table.

Given a set of labels La for each attribute a ∈ At , various relationships between the attribute values of a can be con-
structed, depending on the physical meaning of the labels, i.e., a set of relations Ra is considered instead of only the equality 
relation =. Therefore, a crucial point in generalizing the semantically sound approach of Pawlak’s rough set model is defin-
ing the atoms regarding the labels La and the relations Ra . In order to correctly combine labels from La and relations from 
Ra , a Boolean Ta , called a type compatibility relation [31], is determined as follows: Ta(r, l) is true for r ∈ Ra and l ∈ La , if 
and only if it is reasonable to apply the relation r on the label l.
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Example 1. Let a∗ be an attribute describing the evaluation on a test such that Va∗ = {bad, medium, good}. Such attribute is 
a typical example of an attribute occurring in an ordered information table for which dominance-based rough sets are often 
used to analyze the data [4,5,23].

A possible set of labels is La∗ = {bad, {bad, medium}, {bad, medium, good}}, representing respectively the instances x ∈ U
which scored at most ‘bad’, at most ‘medium’ and at most ‘good’. The set of relationships may be given by Ra∗ = {∈}. For 
an instance x, we can then determine whether Ia∗ (x) ∈ l, for l ∈ La∗ .

Another possibility is La∗ = Va∗ = {bad, medium, good} and Ra∗ = {≤} such that bad ≤ medium ≤ good. For an instance x, 
we now determine whether Ia∗ (x) ≤ l, for l ∈ La∗ .

4.1. A generalized descriptive language for conjunctive concepts

The symbols of the generalized descriptive language are the finite set of attribute symbols At , the finite set of relation 
or constraint symbols Ra for each attribute a ∈ At and the finite set of labels La for each a ∈ At .

The generalized descriptive language GDL with respect to {Ta | a ∈ At} is now defined by

1. atomic formulas or atoms (a, r, l) with a ∈ At , r ∈ Ra , l ∈ La and Ta(r, l) true,
2. if ϕ, ψ ∈ GDL, then (ϕ ∧ ψ) ∈ GDL.

Hence, as for the language DL, GDL is closed under finite conjunctions. The main difference between the languages DL and 
GDL is the set of atoms. Note however, that the language DL is a special case of GDL, when Ra = {=} and La = Va for 
each attribute a ∈ At . Again, for a subset A ⊆ At , we can restrict the language GDL to the language GDLA , when only the 
attributes in A are considered. Note that for A = {a} we denote the language by GDLa .

Given an instance x ∈ U and a formula ϕ ∈ GDLA , the satisfiability of ϕ by x, denoted by x �A ϕ , is defined as follows:

1. x �A (a, r, l) if and only if Ia(x)rl,
2. x �A (ϕ ∧ ψ) if and only if x �A ϕ and x �A ψ .

An object x satisfies an atomic formula (a, r, l) ∈ GDLA if the attribute value Ia(x) is related by r to l. In addition, x satisfies 
a conjunction of formulas in GDLA if it satisfies all formulas in the conjunction.

Based on this satisfiability relation, we can define the meaning set of a formula ϕ ∈ GDLA :

mA(ϕ) = {x ∈ U | x �A ϕ}.
The meaning set of an atomic formula (a, r, l) ∈ GDLA is the set of objects x ∈ U such that Ia(x) is related to label l by 
relation r. The meaning set of a conjunction of formulas equals the intersection of meaning sets of the formulas in the 
conjunction. A formula is called valid in GDLA if its meaning set is the whole universe.

Given the generalized descriptive language GDLA , the set of A-definable sets for the table T+ contains all meaning sets 
of formulas of GDLA and is denoted by DEFGDLA (T+), i.e., X ∈ DEFGDLA (T+) if there exists a formula ϕ ∈ GDLA such that 
X = mA(ϕ). As ϕ can be seen as a conjunction, X is also called conjunctively A-definable.

Similarly as in Pawlak’s model, the left-hand-side of a rule related to the table is a conjunction of information blocks 
from a row of the table. However, these information blocks are now of the form (a, r, l) instead of (a, =, Ia(x)), where l can 
be described by means of Ia(x) for x ∈ U . Let A ⊆ C be a subset of conditional attributes and x ∈ U , then ϕ is of the form

ϕ =
∧

a∈A

(a, ra, la),

where ra ∈ Ra , la ∈ La such that la can be described by the means of Ia(x) and such that Ta(ra, la) is true. The meaning set 
of ϕ is called an A-elementary set.

As in the semantically sound approach of Pawlak, the language GDLA ensures the construction of formulas which can 
be used in the left-hand-side of a rule. However, as the right-hand-side of a rule consists of disjunctions, the generalized 
descriptive language needs to be extended.

4.2. A generalized descriptive language for disjunctions of conjunctive concepts

For A ⊆ At , the extended generalized descriptive language EGDLA is constructed similarly to the language EDLA , i.e., 
we extend GDLA by closing it under finite disjunctions. Again, we write EGDLa when A = {a}. The extended generalized 
descriptive language EGDLA has the same symbols as the language GDLA . The formulas of EGDLA with respect to {Ta | a ∈
At} are defined by

1. if ϕ ∈ GDLA , then ϕ ∈ EGDLA ,
2. if ϕ, ψ ∈ EGDLA , then (ϕ ∨ ψ) ∈ EGDLA .
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Again, we extend the satisfiability relation �A as follows: a formula ϕ ∈ EGDLA is satisfied by an object x ∈ U , denoted 
by x �E

A ϕ , if one of the following holds:

1. if ϕ ∈ GDLA , then x �E
A ϕ if and only if x �A ϕ ,

2. x �E
A (ϕ ∨ ψ) if and only if x �E

A ϕ or x �E
A ψ .

Given the satisfiability relation defined above, we can define the meaning set of a formula ϕ ∈ EGDLA by

mE
A(ϕ) = {x ∈ U | x �E

A ϕ}.
Since the satisfiability relation �E

A reduces to the relation �A for a formula in GDLA , the meaning set of formulas of GDLA

does not change for the extended generalized descriptive language EGDLA . Note that the meaning set of a disjunction of 
formulas equals the union of the meaning sets of the formulas in the disjunction. Furthermore, a formula ϕ is called valid 
in EGDLA if mE

A(ϕ) = U .
Analogously to the language GDLA , the A-definable sets of a table T+ , denoted by DEFEGDLA (T+), are the meaning sets of 

formulas in EGDLA . If a set X ⊆ U is not in DEFEGDLA (T+), X is called A-undefinable for EGDLA .
The language EGDLAt allows us to describe both the conditional and decision part of rules. In particular, the conditional 

part of a rule is a formula in GDLA with A ⊆ C a set of conditional attributes and the decision part is a formula in EGDLd
with d the decision attribute.

4.3. Approximations of undefinable sets

Just as in the framework of Pawlak, approximation operators are used to approximate an A-undefinable set X ⊆ U by 
A-definable sets in DEFEGDLA (T+), A ⊆ At . Although there is still a unique maximal A-definable set contained by X , there is 
no unique minimal A-definable set containing X as opposed to Pawlak’s rough set model [34]. Therefore, the covering-based 
lower and upper approximations of X are defined as

apr
A
(X) = the greatest definable set in EGDLA contained by X,

aprA(X) = {Y ∈ EGDLA | X ⊆ Y , Y minimal}.
Hence, the upper approximation of X is not a definable set, but the family of minimal definable sets containing X .

The definitions of the lower and upper approximation operator and the positive, negative and boundary region are similar 
to the framework of Pawlak’s rough set model.

POSA(X) = the greatest definable set in EGDLA contained by X,

NEGA(X) = the greatest definable set in EGDLA contained by Xc,

BNDA(X) = (POSA(X) ∪ NEGA(X))c.

Note that the positive and negative region of X are definable sets. Therefore, it is sometimes more useful to consider them 
instead of the lower and upper approximation operator, as the latter is not definable.

To end this section, we study how to efficiently compute the elementary and definable sets of a covering-based rough 
set model. It will be shown that a covering and its union-closure will describe the elementary and definable sets instead of 
a partition and a Boolean algebra as in Pawlak’s rough set model.

4.4. Computational approach of covering-based rough set models

The main difference between the semantically sound approach of Pawlak’s model and covering-based rough set models 
is the construction of atomic formulas. Given a ∈ At , then the {a}-elementary set for the atomic formula (a, r, l) ∈ GDLa is 
the set {x ∈ U | Ia(x)rl}. Such a set is also called an information block, as it provides the information on which instances of 
the universe are related to the label l by the relation r. However, such information blocks are not necessarily disjoint, as 
it is possible that m((a, r, l)) ∩ m((a, r′, l′)) �= ∅, with (a, r′, l′) ∈ GDLa . Therefore, the {a}-elementary sets will be given by a 
covering

Ca = {ma((a, r, l)) | ma((a, r, l)) �= ∅, (a, r, l) ∈ GDLa}
instead of a partition U/Ea . The construction of the covering Ca is therefore completely depending on the choices of Ra

and La .
In addition, let A ⊆ At and ϕ ∈ GDLA be a conjunctive formula which serves as the left-hand-side of a rule. Then

ϕ =
∧

(a, ra, la)

a∈A
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Table 1
Decision table T+ .

a1 a2 d

x1 I medium 1
x2 II bad 0
x3 III bad 0
x4 IV good 1
x5 V good 1

with (a, ra, la) ∈ GDLA and the meaning set of ϕ is given by

mA(ϕ) =
⋂

a∈A

mA((a, ra, la)).

If mA(ϕ) is not empty, then this A-elementary set represents an information block for the set of attributes A. The set of 
non-empty A-elementary sets is also a covering, denoted by CA .

From the above discussion, we obtain the following characterization between the covering CA and the coverings {Ca |
a ∈ A}:

CA = {K ⊆ U | K �= ∅ ∧ ∃ϕ ∈ GDLA : K = mA(ϕ)}
= {K ⊆ U | K �= ∅ ∧ ∀a ∈ A∃r ∈ Ra,∃l ∈ La such that Ta(r, l) is true and K =

⋂

a∈A

mA((a, r, l))}

Note that mA((a, r, l)) = ma((a, r, l)) is an information block in Ca . Hence, CA contains the non-empty intersections 
⋂

a∈A
Ka

with each Ka ∈Ca .
Furthermore, let A ⊆ At , then an A-definable set is the extension of a disjunction of conjunctive formulas in GDL A . 

Therefore, the set of meaning sets of formulas from EGDLA is obtained by closing the covering CA under the union operator. 
The set {⋃ F | F ⊆ CA} is denoted by ∪∗(CA) and is called the union-closure of the covering CA . As CA is not a partition 
in general, the union-closure ∪∗(CA) is not closed under intersection and set complement, in comparison with the Boolean 
algebra which is obtained when given a partition.

To end, we discuss the approximation operators related to this semantically sound approach of covering-based rough 
sets. Let A ⊆ At and X ⊆ U . As DEFEGDLA (T+) = ∪∗(CA) is closed under union, we obtain that

apr
A
(X) =

⋃
{K ∈ ∪∗(CA) | K ⊆ X} =

⋃
{K ∈CA | K ⊆ X}.

Note that this is the tight or strong lower approximation operator of X [18,35,38]. However, since the union-closure of a 
covering is not closed under intersection, there is no unique minimal definable set containing X . Hence, we are not able to 
give a computationally efficient definition of the upper approximation of X in which the semantics are clear. Nonetheless, 
we are able to give computationally efficient definitions for the positive and negative region of X :

POSA(X) =
⋃

{K ∈CA | K ⊆ X},
NEGA(X) =

⋃
{K ∈CA | K ⊆ Xc}.

Note that as ∪∗(CA) is not closed under set complement, the complement of an A-definable set is not necessarily 
A-definable, hence BNDA(X) is not necessarily definable and it can be non-empty for X ∈ DEFEGDLA (T+) in the covering-
based rough set framework.

To end this section, we illustrate this semantically sound approach of covering-based rough set models with an example.

Example 2. Let U = {x1, x2, x3, x4, x5} and let us consider the decision table T+ represented in Table 1. Both a1 and a2
are categorical conditional attributes, with Va1 = {I, I I, I I I, I V , V } and Va2 = {bad, medium, good}. For a1, let Ra1 = {∈} and 
La1 = {l1 = {I, I I, I I I}, l2 = {I I, I I I, I V }, l3 = {I I I, I V , V }} such that Ta1 (∈, li) is true for i ∈ {1, 2, 3}. Therefore, the atoms of 
GDLa1 are (a1, ∈, l1), (a1, ∈, l2) and (a1, ∈, l3), hence, we obtain the following covering Ca1 associated with a1:

Ca1 = {{x1, x2, x3}, {x2, x3, x4}, {x3, x4, x5}}.
For a2, let Ra2 = {≥} and La2 = {bad, medium, good} such that Ta2 (≥, l) is true for all l ∈ La2 and good ≥ medium ≥ bad. 
Therefore, the atoms of GDLa1 are (a2, ≥, bad), (a2, ≥, medium) and (a2, ≥, good), hence, we obtain the following covering 
Ca2 associated with a2:

Ca2 = {{x1, x2, x3, x4, x5}, {x1, x4, x5}, {x4, x5}}.
The covering C{a1,a2} is now obtained as the set of non-empty intersections of the elements of Ca1 and Ca2 :

C{a1,a2} = {{x1, x2, x3}, {x2, x3, x4}, {x3, x4, x5}, {x1}, {x4}, {x4, x5}}.
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Hence, the At-definable sets are given by

∪∗(C{a1,a2}) = {∅, {x1}, {x4}, {x1, x4}, {x4, x5}, {x1, x2, x3}, {x2, x3, x4}, {x3, x4, x5}, {x1, x4, x5},
{x1, x2, x3, x4}, {x1, x3, x4, x5}, {x2, x3, x4, x5}, {x1, x2, x3, x4, x5}}.

Note that ∪∗(C{a1,a2}) is not closed under intersection and set complement, as {x1, x2, x3} and {x2, x3, x4} are elements 
of ∪∗(C{a1,a2}), but {x2, x3} and {x1, x5} are not. To illustrate the approximation operators, consider {x3, x4}, which is 
At-undefinable. We obtain that

apr{a1,a2}({x3, x4}) = {x4}
apr{a1,a2}({x3, x4}) = {{x2, x3, x4}, {x3, x4, x5}}

POS{a1,a2}({x3, x4}) = {x4}
NEG{a1,a2}({x3, x4}) = {x1}
BND{a1,a2}({x3, x4}) = {x2, x3, x5}

As apr{a1,a2}({x3, x4}) is a set of At-definable sets, the upper approximation is less interesting from a computational per-
spective.

5. Conclusion and future work

In this work, we recalled the need for a conceptual understanding of rough sets. We discussed a semantically sound 
approach to Pawlak’s model using a descriptive language which consists of two parts. Furthermore, we explained the no-
tions of elementary and definable sets, which are extensions of formulas of the language. The approximation operators are 
introduced as a derived notion of definability. Moreover, we determined that the elementary sets of Pawlak’s model can be 
described by a partition U/E , while the family of definable sets is represented by the Boolean algebra B(U/E).

In addition, we generalized this language for covering-based rough sets. A crucial difference is the determination of 
the atomic formulas or atoms of the language. For a covering-based rough set model, the elementary sets are given by 
a covering, and the family of definable sets is described by the union-closure of such a covering. Unfortunately, in this 
framework, the upper approximation of a subset of the universe of discourse is not necessarily a definable set.

This paper can encourage the conceptual research of rough sets. We acknowledge that there are still many open 
problems. Some future research includes therefore the study of how to construct the atomic formulas (a, r, l) in specific 
applications and a semantically sound approach to covering-based rough sets in incomplete information tables.
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[4] S. Greco, B. Matarazzo, R. Słowiński, Rough sets theory for multi-criteria decision analysis, Eur. J. Oper. Res. 129 (1) (2001) 1–47.
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