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Abstract. Fuzzy Answer Set Programming (FASP) is an extension of the popular Answer Set Programming (ASP) paradigm which is tailored for continuous
domains. Despite the existence of several prototype implementations, none of
the existing solvers can handle disjunctive rules in a sound and efficient manner. We first show that a large class of disjunctive FASP programs called the
self-reinforcing cycle-free (SRCF) programs can be polynomially reduced to normal FASP programs. We then introduce a general method for solving disjunctive
FASP programs, which combines the proposed reduction with the use of mixed
integer programming for minimality checking. We also report the result of the
experimental benchmark of this method.

1

Introduction

Answer Set Programming (ASP) is one of the most popular and well-studied declarative
programming paradigms [2, 11]. Based on the stable model semantics [15], ASP allows
an intuitive encoding of combinatorial search and optimization problems [20]. Due to
the availability of fast and efficient solvers, such as clasp [14] and DLV [19], ASP found
practical applications in many fields [11, 13]. However, because of the fact that it relies
on Boolean logic, ASP is not directly suitable for encoding problems in continuous
domains.
Fuzzy Answer Set Programming (FASP) [30] is a form of declarative programming that extends classical ASP by allowing graded truth values in atomic propositions
and extending classical Boolean operators to fuzzy logic connectives. Although work
has done on the theoretical aspects of FASP, e.g., [6, 22–24, 5, 28, 18], progress on the
development of FASP solvers has not yet reached the maturity level of ASP solvers.
Several notable results about FASP are: (1) the development of a reduction method for
FASP into bilevel linear programming [5], (2) a FASP solver based on answer set approximation operators [1] and (3) a solver for FASP based on a reduction to classical
ASP [25]. The prototype solver developed in [1] only deals with normal rules and does
not allow disjunctions at all. The method proposed by [5] only allows disjunctions in
the head, while the evaluation method described in [25] only allows disjunctions in the
body. No evaluation method/solver for FASP currently allows disjunctions in the body
and the head of the rules.

Allowing disjunctions both in the head and the body of FASP rules enables us to
represent and solve a broader class of problems. As an example, consider the following
fuzzy graph colorability problem: given a graph G = hV, Ei with weighted edges, can
we color each node with a fuzzy color (intuitively, a grey level value between fully
black and fully white) such that connected nodes are colored with sufficiently differing
colors? Formally, let V be the set of the nodes and E : V × V → [0, 1] be the set of
fuzzy edges. We want to find functions fb : V → [0, 1] and fw : V → [0, 1] such that:
(i) fb (x) ⊕ fw (x) = 1, ∀x ∈ V and (ii) f (x) ⊗ f (y) ⊗ e(x, y) = 0, ∀x, y ∈ V, f ∈
{fb , fw }, where ⊕ and ⊗ represent disjunction and conjunction in Łukasiewicz logic,
respectively (see Section 2). Given the input graph as facts of the form node(x) ← 1
and edge(x, y) ← c for c ∈ [0, 1]5 , the following FASP program solves the problem
(see Section 2 for formal definitions):
b(X) ⊕ w(X) ← node(X)
edge(X, Y ) ← edge(Y, X)
0 ← b(X) ⊗ b(Y ) ⊗ edge(X, Y )
0 ← w(X) ⊗ w(Y ) ⊗ edge(X, Y )
Suppose we further require that for some subset S ⊆ V of the nodes, the color assigned
must be either fully black or fully white (i.e., either fw (v) = 1 or fb (v) = 1 for v ∈
S). We can encode this requirement by adding the so-called saturation rules {b(v) ←
b(v) ⊕ b(v), w(v) ← w(v) ⊕ w(v) | v ∈ S}, which force the atoms b(v) and b(w) to
be Boolean. In this example, we see how disjunctions in the head and in the body of the
rules appear naturally in the problem’s representation.
It is well known that the presence of disjunctions in (F)ASP programs can increase
the computational complexity of various reasoning tasks. In [5], the complexity of answer set existence, set-membership and set-entailment in various classes of FASP under
the Łukasiewicz semantics was studied. Interestingly, it was shown that for the class of
strict FASP programs, where only the conjunction, maximum and negation operators
are allowed in the body, disjunctions in the head do not increase the complexity of the
reasoning tasks, which are still within the first level of the Polynomial Hierarchy (PH),
even for disjunctive strict FASP. However, when disjunctions are allowed in the head as
well as in the body, the complexity increases to the second level of PH.
In classical ASP, allowing disjunctions in the head has been shown to increase the
complexity of the reasoning tasks, from NP-complete and coNP-complete for brave
and cautious reasoning, respectively, to Σ2P and Π2P (see e.g., [7]). However, [3] has
shown that the semantics of a large class of disjunctive ASP programs, called the headcycle free (HCF) programs, can be efficiently expressed in non-disjunctive propositional
logic, effectively reducing their complexity to the first level of PH. Furthermore, by a
sequence of applications of the so-called shift operators described in [8], one can reduce
any HCF disjunctive ASP program into an equivalent normal program.
In this paper, we show that a large class of disjunctive FASP programs can be similarly reduced to normal programs. Unlike in classical ASP, however, the reduction is not
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based on head-cycle freeness, but rather on the concept we define as self-reinforcing cycle freeness, which covers a much larger subclass of disjunctive FASP programs. More
specifically, we will show that the shifting method for HCF disjunctive programs as
being used in classical ASP also applies for FASP programs. However, the class of
disjunctive FASP programs that can be shifted is strictly larger than the class of HCF
programs. In fact, we can show that every disjunctive strict FASP program can be reduced to a normal FASP program, even if head cycles occur. Subsequently, we introduce a general method for finding answer sets of disjunctive FASP programs (allowing
disjunctions in the body, as well), which combines the proposed reduction with an additional minimality check based on mixed integer programming.

2

Preliminaries

2.1

Fuzzy answer set programming

We follow the definition of FASP syntax as described in [5] and consider only the
Łukasiewicz operators and semantics. As is the case in classical ASP, the syntax of a
FASP program P is based on atoms drawn from either a propositional or a first-order
Herbrand base BP . For simplicity, in this paper we consider only propositional atoms.
A (classical) literal is either an atom a or a classical negation literal ¬a. An extended
literal is a classical literal a or a NAF literal not a. A head/body expression is a formula
defined recursively as follows:
– a constant c, c ∈ [0, 1] ∩ Q, and a classical literal a are head expressions.
– a constant c, c ∈ [0, 1] ∩ Q, and an extended literal a are body expressions.
– if α and β are head/body expressions, then α ⊗ β, α ⊕ β, α Y β and α Z β are also
head/body expressions, respectively.
We denote by Lit(E) the set of classical literals appearing in an expression E. A
FASP program is a finite set of rules, where a rule r is of the form α ← β. Here,
α is a head expression (called the head of r) and β is a body expression (called the
body of r). We also write Head(r) and Body(r) to denote the head and body of a rule
r, respectively. A FASP rule of the form a ← c for an atom a and a constant c is
called a fact. A FASP rule of the form c ← β is called a constraint. A rule which
does not contain any application of the operator not is called a positive rule. A rule
which only has one literal in the head is called a normal rule. A rule which contains the
application of the operator ⊕ in the head is called a disjunctive rule. A FASP program
is called [positive, normal] iff it contains only [positive, normal] rules, respectively. A
FASP program which contains disjunctive rules is called a disjunctive program. A FASP
program whose only connectives in the body are not, ⊗ and Z, and has only disjunctions
in the head is called a strict FASP program. Intuitively, the class of strict FASP programs
contains those programs whose syntax corresponds to that of classical ASP programs.
In this paper, we restrict the discussion to FASP syntax that allows only disjunction in
the head (but no restrictions for the connectives in the body). Furthermore, following
the rule rewriting technique described in [25], we may assume w.l.o.g. that the rules in
a FASP program only contain at most one application of the Łukasiewicz connectives,
either in the body or in the head of the rules.

The semantics of FASP is traditionally defined on a complete truth lattice L =
hL, ≤L i [4]. In this paper, we consider two types of truth-lattice: the infinite-valued
lattice L∞ = h[0, 1], ≤i and the finite-valued lattices Lk = hQk , ≤i, where Qk = { ki |
0 ≤ i ≤ k}, and k ≥ 1 is a positive integer such that c ∈ Qk for every constant c in
the program. An interpretation of a FASP program P is a function I : BP → L6 , which
can be extended to to expressions and rules as follows:
–
–
–
–
–
–
–

I(c) = c, for any constant c in the program.
I(α ⊗ β) = max(I(α) + I(β) − 1, 0).
I(α ⊕ β) = min(I(α) + I(β), 1).
I(α Y β) = max(I(α), I(β)).
I(α Z β) = min(I(α), I(β)).
I(not α) = 1 − I(α).
I(α ← β) = min(1 − I(β) + I(α), 1).

for appropriate expressions α and β. Here, the operators not, ⊗, ⊕, Y, Z and ← denote the Łukasiewicz negation, t-norm (conjunction), t-conorm (disjunction), maximum, minimum and implication, respectively.
An interpretation I is consistent iff I(l) + I(¬l) ≤ 1 for each l ∈ BP . We say that
a consistent interpretation I of P satisfies a FASP rule r iff I(r) = 1. This condition
is equivalent to I(Head(r)) ≥ I(Body(r)). An interpretation is a model of a program
P iff it satisfies every rule in P. For interpretations I1 , I2 , we write I1 ≤ I2 iff I1 (l) ≤
I2 (l) for each l ∈ BP , and I1 < I2 iff I1 ≤ I2 and I1 6= I2 . We call a model I of P a
minimal model if there is no other model J of P such that J < I.
For a positive FASP program P, a model I of P is called an answer set of P iff it
is a minimal model of P. For a non-positive FASP program P, a generalization of the
so-called Gelfond-Lifschitz reduct is defined in [23] as follows: the reduct of a rule r
w.r.t. an interpretation I is the positive rule rI obtained by replacing each occurrence of
not a by the constant I(not a). The reduct of a FASP program P w.r.t. an interpretation
I is then defined as the positive program P I = {rI | r ∈ P}. A model I of P is called
an answer set of P iff I is an answer set of P I . We say that an answer set I is k-valued
if I(a) ∈ Lk for every literal a; we say that an answer set is finite valued if it is k-valued
for some k ∈ N.
Example 1 Consider the disjunctive FASP program P1 which has the following rules:
{a ← not c, b ← not c, c ← a ⊕ b, d ⊕ e ← c}
One can check that under both the truth-lattices L3 and L∞ , the interpretation Ix =
{(a, 31 ), (b, 13 ), (c, 23 ), (d, 23 − x), (e, x)} is a minimal model of P1Ix for any 0 ≤ x ≤ 32 ,
and hence it is an answer set of P1 . However, P1 has no answer sets under any Lk
where k is not a multiple of 3.
2.2

Finite-valued evaluation of FASP programs

We briefly recall the method from [25] to evaluate FASP programs based on a reduction
to classical ASP. The method relies on a procedure T r(·, k) that translates a FASP
6
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program into a classical ASP program whose answer sets correspond to the k-valued
answer sets of the original FASP program. For normal programs, every k-valued answer
set of the program can be found by using the translation. Furthermore, any answer set
obtained from the translation is guaranteed to be a k-valued answer set of the original
FASP program.
For disjunctive FASP programs, however, the result does not necessarily hold, as
illustrated in the next example.
Example 2 Program P2 has the following rules: {a ⊕ b ← 1, a ← b, b ← a}. The
finite-valued answer set obtained by applying the translation method to P2 using k = 1
is A1 = {(a, 1), (b, 1)}. However, A1 is not an answer set of P2 in L∞ . In fact, the
only answer set of P2 in L∞ is A2 = {(a, 0.5), (b, 0.5)}, which is obtained using the
translation method when k = 2.
To ensure that each k-valued answer set obtained is indeed an answer set of the FASP
program, [25] suggested conducting an extra minimality check, which can however be
costly. In this paper, we show how to reduce a large class of disjunctive FASP programs
into normal programs, allowing us to avoid the minimality check.

3

Evaluating disjunctive rules

In this section we will identify a large fragment of the class of disjunctive FASP programs which can be reduced in polynomial time to a normal FASP program. Subsequently, we will show how this reduction can be used to develop a sound method for
finding answer sets of general disjunctive FASP programs.
Following [3], the head-cycle free (HCF) ASP programs are programs whose positive dependency graphs (see Section 3.3) do not contain cycles that go through two
literals occurring in the head of a rule. In [8], it was shown that any HCF program can
be reduced to an equivalent program using the shift operator. Briefly, the shift operator
replaces any rule a1 ∨ .V
. . ∨ an ← B with the set of rules R = {ai ← B ∧ N Bi | 1 ≤
i ≤ n}, where N Bi = 1≤j≤n,j6=i not aj . For example, the program {a∨b ←} can be
reduced to the equivalent program {a ← not b, b ← not a}. However, when we introduce head cycles, such as in the program P3 = {a ∨ b ←, a ← b, b ← a}, shifting is no
longer guaranteed to produce an equivalent normal program. Interestingly, in the case
of FASP programs, the syntactically similar program P4 = {a ⊕ b ← 1, a ← b, b ← a}
is equivalent to the shifted version: P40 = {a ← not b, b ← not a, a ← b, b ← a}.
In fact, we will show that any strict disjunctive FASP program can be reduced to an
equivalent normal FASP program in this way. This explains the observation in [5] that
allowing disjunction in the head does not affect the computational complexity of strict
FASP programs. For programs with disjunction in the body, shifting does not always
yield an equivalent FASP program, for e.g., P4 ∪ {a ← a ⊕ a} is not equivalent to
P40 ∪ {a ← a ⊕ a}. Intuitively, we can safely shift disjunctive rules if there is no interaction between disjunctions in the body and a head cycle. We will now formalize this
idea based on the notion of a self-reinforcing cycle.

3.1

SRCF programs

We first extend the notion of proof for classical disjunctive programs as defined in [3].
Let 0 denotes the interpretation that assigns zeros to all atoms. Let I be an interpretation
of a program P, and let a be any atom such that I(a) > 0. Then, a support of a in P
w.r.t. I is defined as a sequence of rules r1 , r2 , . . . , rn ∈ P I such that:
1.
2.
3.
4.

0(Body(r1 )) > 0
a
P∈ Head(rn )

I(a) = I(Body(ri )) for all 1 ≤ i ≤ n
For every x ∈ Lit(Body(ri )) there exists a j < i such that x ∈ Lit(Head(rj ))
a∈Lit(Head(ri ))

We characterize the non-existence of self-reinforcing cyclic rules in a program using
the following definition: for a FASP program P, we say that P is self-reinforcing cycle
free (SRCF) w.r.t. an atom a, iff we can find a stratification function f : BP → N, such
that for every rule r ∈ P which contains a, it holds that:
1. f (x) ≥ f (y) for every x ∈ Lit(Head(r)) and y ∈ Lit(Body(r))
2. If r ≡ x ← y ⊕ z, then f (x) > f (y) and f (x) > f (z).
Intuitively, we can see that that a program P is SRCF w.r.t. atom a iff the dependency
graph does not contain any cycle which goes through a and involves at least one rule
with disjunction in the body. We say that a program P is SRCF iff it is SRCF w.r.t every
atom a ∈ BP . The following theorem characterizes the notion of support for SRCF
programs.
Theorem 1 (Support). Let P be an SRCF program and let I be a consistent interpretation. Then I is an answer set of P iff:
1. I is a model of P.
2. Every a ∈ {x | I(x) > 0} has a support in P w.r.t. I.
The proof runs parallel to the proof of Theorem 2.3 in [3] by noting that support plays
a similar role for the answer sets of SRCF FASP programs as proof does for HCF ASP
programs. Due to space constraints, we omit the details.
Example 3 Consider program P5 = {a⊕b ← 1, c ← b⊗not a, c ← a}. It is clear that
I = {(a, 0.3), (b, 0.7), (c, 0.4)} is an answer set of P5 . In accordance with Theorem 1,
for each of a, b and c, we can take r1 = a ⊕ b ← 1, r2 = c ← b ⊗ 0.7 as the support
of these atoms in P5 w.r.t. I. Furthermore, any J > I obtained by increasing the truth
value of a, b or c will not have a support for that atom. On the other hand, the nonSRCF program P6 = {a ⊕ b ← 1, a ← b, b ← a, a ← a ⊕ a} has only one answer set,
namely I = {(a, 1), (b, 1)}. One can check that there is no support for each of a and b
in P6 w.r.t. I, since in this case, I(a) + I(b) > 1.
The following lemma holds in both classical and fuzzy ASP.
Lemma 1 (Locality). Let P 0 be any subset of a program P. If I is an answer set of P 0
and it satisfies all the rules in P − P 0 , then I is also an answer set of P.

Proof. Since I is an answer set of P 0 and I satisfies every rule of P −P 0 , I also satisfies
every rule in P. Then clearly, I satisfies P I as well. Suppose that I is not the minimal
model of P I , i.e., that there is another model J < I of P I . Since P 0 ⊆ P (and hence
P 0I ⊆ P I ), it must also be the case that J satisfies P 0I . But this means that I is not the
minimal model of P 0I , contradicting the assumption that I is an answer set of P 0 .
We now present the main result for this section.
Theorem 2. Let P1 = P ∪ {a ⊕ b ← c} be any SRCF program w.r.t. a, b and c. Then,
an interpretation I is an answer set of P1 iff it is also an answer set of P2 = P ∪ {a ←
c ⊗ not b, b ← c ⊗ not a}.
Proof. (a) “If”-part: Let I be an answer set of P2 . Then I is a minimal model of P I ∪
{a ← c ⊗ (1 − I(b)), b ← c ⊗ (1 − I(a))}. Clearly, we have I(a) + I(b) ≥ I(c).
We consider two cases:
(i) I(a) + I(b) = I(c). Let p ∈ {x | I(x) > 0}. By Theorem 1, there is a support
Rp of p in P2 w.r.t I. If {a ← c ⊗ (1 − I(b)), b ← c ⊗ (1 − I(a))} ∩ Rp = ∅,
then we must have Rp ⊆ P I . This means that Rp is a support for p in P w.r.t I.
On the other hand, if any (or both) of {a ← c⊗(1 − I(b)), b ← c⊗(1 − I(a))}
occurs in Rp , we can replace it (them) with the rule a ⊕ b ← c, to obtain the set
Rp0 which can serve as a support for p in P1 w.r.t. I. In any case, each support
Rp in P2 can be replaced with a support for p in P1 . By Theorem 1, this means
that every answer set of P2 is also an answer set of P1 .
(ii) I(a) + I(b) > I(c). In this case, we have that {a ← c ⊗ (1 − I(b)), b ←
c ⊗ (1 − I(a))} 6⊆ Rp for any support Rp of any p ∈ {x | I(x) > 0}, since
it does not satisfy the first condition in the definition of support. Therefore, we
have that Rp ⊆ P for any p, which, by Theorem 1 means that I is also an
answer set of P. Since I definitely satisfies a ⊕ b ← c, by Lemma 1, I is also
an answer set of P1 .
(b) “Only if”-part: Similar to the previous part, let I be an answer set of P1 . Then I is
a minimal model of P I ∪ {a ⊕ b ← c}, and also I(a) + I(b) ≥ I(c). As before,
we consider two cases:
(i) I(a) + I(b) = I(c). Let p ∈ {x | I(x) > 0}. By Theorem 1, there is a support
Rp of p in P2 w.r.t I. If a ⊕ b ← c 6∈ Rp , then we must have Rp ⊆ P I , which
means that Rp is a support for p w.r.t. P. On the other hand, if a ⊕ b ← c ∈ Rp ,
we can replace it with the two rules {a ← c ⊗ 1 − I(b), b ← c ⊗ 1 − I(a)} to
obtain the set Rp0 which can serve as a support for p in P2 w.r.t I. In any case,
each support Rp in P1 w.r.t. I can be replaced with a support for p in P2 w.r.t
I. By Theorem 1, this means that every answer set of P1 is also an answer set
of P2 .
(ii) I(a) + I(b) > I(c). Similar to case (a)(ii), here we have that a ⊕ b ← c 6∈ Rp
for any support Rp of any p ∈ {x | I(x) > 0}. Again, using Theorem 1, we
get that every answer set of P1 is also an answer set of P2 .
This result allows us to reduce an SRCF disjunctive FASP program to an equivalent normal program by performing the shifting operations, thus allowing the use of evaluation
methods geared towards normal programs.

Example 4 The program P5 with the following rules:
{a ⊕ b ← 1, c ← b, c ← d ⊕ e}
is SRCF, since we can assign the stratification function f (a) = f (b) = f (d) = f (e) =
1 and f (c) = 2. Hence, by Theorem 2, it is equivalent to the normal program:
{a ← not b, b ← not a, c ← b, c ← d ⊕ e}
However, program P5 ∪ {d ← c} is not SRCF, and the shifting method does not work.
As a corollary of Theorem 2, any strict disjunctive FASP program can be reduced
to a normal FASP program by shifting.
Example 5 Consider program P2 from Example 2. It is a strict disjunctive FASP program, and hence it can be reduced to the equivalent normal program {a ← not b, b ←
not a, a ← b, b ← a}.
3.2

Non-SRCF programs

For non-SRCF programs, finding an answer set in L∞ requires finding an answer set I
in Lk for some k ≥ 1, and checking whether I is also an answer set for L∞ . We show
in this section how the last step can be implemented using Mixed Integer Programming
(MIP). For some background on MIP, one can consult, e.g., [17] and [29].
In [16], a representation of infinitely-valued Łukasiewicz logic using MIP was proposed by defining a translation of each of the Łukasiewicz expressions x ⊕ y, x ⊗ y
and ¬x into a set of MIP inequality constraints characterizing the value of each of the
expressions. Given a FASP program P and an interpretation I, we can use the MIP representation of P (denoted as M IP (P)) based on the representations proposed by [16]
to check whether I is the minimal model of P I , as follows:
1. For each atom a in P I , we use a MIP variable va ∈ [0, 1] in M IP (P) to express
the truth value that a can take.
2. For any expression e ∈ {a ⊕ b, a ⊗ b, a Y b, a Z b} in any rule of P I , we create
the appropriate set of constraints in MIP to represent the value of the expression, as
suggested in [16]. For example, for a ⊕ b, we have the following MIP constraints:
va + vb + za⊕b ≥ va⊕b
va + vb − za⊕b ≤ va⊕b
va + vb − za⊕b ≥

0

va + vb − za⊕b ≤

1

va⊕b ≥ za⊕b
In each case, ze is a 0-1 variable and ve is a variable representing the value of the
expression e.
3. For each rule α ← β ∈ P I , we add the constraint vα ≥ vβ , where vα and vβ
are the variables corresponding to the values of the atoms/expressions α and β,
respectively.

4. For each atom a, we add the constraint va ≤ I(a).
P
5. We set the objective function of the MIP program to minimise the value a∈BP va .
Theorem 3. The interpretation I is the minimal model of P I iff the solution returned
in M IP (P) is equal to I.
3.3

Incorporating program decomposition

While in practical applications FASP programs will not always be SRCF, often it will
be possible to decompose programs such that many of the resulting components are
SRCF. In this section, we show how we can apply the reduction from Section 3.1 to
these individual components, and thus efficiently solve the overall program.
Program modularity and decomposition using dependency analysis have been extensively studied and implemented in classical ASP. In [21], the concept of splitting
sets for decomposing an ASP program was introduced. Dependency analysis and program decomposition using strongly connected components (SCC) was described in [27]
and [10], and has been used as a framework for efficient evaluation of logic programs,
such as in [26, 12] and [9]. In this section, we build on this idea to develop a more
efficient evaluation framework for FASP programs by exploiting the program’s modularity/decomposability.
For a (ground) FASP program P, consider a directed graph GP = hV, Ei, called
the dependency graph of P, defined as follows: (i) V = BP and (ii) (a, b) ∈ E iff there
exists a rule r ∈ P s.t. a ∈ Lit(Body(r)) and b ∈ Lit(Head(r)). By SCC analysis, we
can decompose GP into SCCs C1 , . . . , Cn . With each SCC Ci , we associate a program
component P Ci ⊆ P, defined as the maximal set of rules such that for every r ∈ P Ci ,
the literals in P Ci are contained in Ci . The set of all program components of P is
denoted as P C(P). We define dependency between program components P Ci and
P Cj as follows: P Ci depends on P Cj iff there is an atom a in P Ci and atom b in P Cj
such that a depends on b in GP . The program component graph C = hP C(P), EC i is
defined according to the dependency relation between the program components.
Similar to the case in classical ASP, the program component graph of a FASP program allows us to decompose the program into “modular components” that can be separately evaluated. For non-disjunctive components, the evaluation method described in
[25] can be directly used. For SRCF disjunctive components, we can perform the shifting method as described in Section 3.1 to reduce the component into a normal program,
and again use the evaluation method for normal programs. For non-SRCF disjunctive
components, an extra minimality check as defined in Section 3.2 is needed after finding
a k-answer set. Evaluation proceeds along the program components according to the
topological sorting of the components in the program component graph, feeding the
“partial answer sets” obtained from one component into the next. If a “complete answer
set” is found, we stop. Otherwise, we backtrack to the previous component(s), obtaining
k-answer sets for the next values of k until the stopping criterion is met.
Proposition 1. Label an edge in GP with the symbol ⊕ if the edge corresponds to a
rule containing a disjunction in the body. A component is non-SRCF w.r.t. the atoms in
that component iff there is a cycle in the component containing a labelled edge.

Example 6 Consider the program P6 containing the rules:
{a ← b ⊕ c, b ← a ⊗ 0.5, c ← 0.7, d ⊕ e ← a}
Program P6 is not SRCF, hence we cannot directly use Theorem 2 to perform shifting. However, using SCC program decomposition, we obtain three components P C1 =
{a ← b ⊕ c, b ← a ⊗ 0.5}, P C2 = {c ← 0.7} and P C3 = {d ⊕ e ← a}. P C1
only depends on P C2 , P C2 has no dependencies, while P C3 depends only on P C1 .
Proceeding according to the topological order of the program components, we start
by evaluating P C2 and obtain the partial answer set {(c, 0.7)}. We feed this partial answer set into the next component P C1 . This program is normal and hence requires no minimality check associated to disjunctive programs. We obtain the partial
answer set {(a, 1), (b, 0.5), (c, 0.7)}. The last component P C3 is disjunctive, but it is
also SRCF w.r.t. its atoms, and hence we can perform shifting to obtain the normal program {d ← a ⊗ not e, e ← a ⊗ not d}, which again can be evaluated without using
minimality checks.

4

Experimental benchmark

In this section, we experimentally evaluate the effectiveness of the proposed method.
We implemented our method on top of the solver developed in [25]7 . We used clingo
from the Potassco project [14] as the underlying ASP solver for finding k-answer sets,
and the Coin-OR Cbc8 solver as the MIP program solver for minimality checking.
For this benchmark, we used two problems: (1) the fuzzy graph colorability as given
in the introduction, and (2) the fuzzy set covering problem, which is a generalization
of the classical set covering problem, defined as follows: A fuzzy set F is defined as a
function F : U → [0, 1], where U is the universe of discourse, and F (u) for u ∈ U
is the degree of membership of u in F . A fuzzy subset S of F is a fuzzy set such
that S(u) ≤ F (u), ∀u ∈ U . Given a fuzzy set F and a collection of subsets C =
{S1 , . . . , Sn } of F , the problem asks whether we can find a fuzzy sub-collection of C,
such that every member of F is covered sufficiently by the subsets selected from C, and
that the degree to which a subset Si is selected is below a given threshold. We encode
the problem in FASP as follows: the fuzzy set F is given by a set of facts of the form
f (x) ← a, the subsets Si given by facts of the form subset(si ) and their membership
degrees by member(si , x) ← b. The maximum degree to which a subset Si can be
selected is denoted by a constraint c ← in(si ). The following FASP program encodes
the problem goal and constraints:
in(S) ⊕ out(S) ← subset(S)
covered(X) ← (in(s1 ) ⊗ member(s1 , X)) ⊕ . . . ⊕ (in(sn ) ⊗ member(sn , X))
0 ← f (X) ⊗ not covered(X)
For both benchmark problems, instances are generated randomly with no attempt to
produce “hard” instances. Constant truth values for fuzzy facts (e.g., for edge weights)
7
8

https://github.com/mushthofa/ffasp
https://projects.coin-or.org/Cbc

are drawn randomly from the set Q10 . Two types of instances are considered: (1) where
no saturation rules are present, which means that the program is an SRCF program,
and (2) where the saturation rules are added randomly with a 0.1 probability for each
b(x) and w(x) atoms (in the graph coloring problem instances) and each in(x) atoms
(in the set covering problem instances). Since fuzzy answer set evaluation using finitevalued translation such as the one used in [25] cannot, in principle, be used to prove
inconsistency, we opted to generate only instances that are known to be satisfiable.
To be able to see the advantage of applying our approach, we run the solver on
all instances both with and without employing SRCF detection and shifting to reduce
to normal programs. When SRCF detection is not employed, a minimality check has
to be performed to verify that the answer sets obtained in any disjunctive component
of the program are indeed minimal. Thus, our experiment will be useful to see the
effectiveness of the proposed reduction over the baseline method of computing answer
sets and checking for minimality.
The experiment was conducted on a Macbook with OS X version 10.8.5 running on
Intel Core i5 2.4 GHz with 4 GB of memory. Execution time for each instance is limited
to 2 minutes, while memory usage is limited to 1 GB. Table 1 presents the results of the
experiment. Each value is an average over ten repeats.
Table 1. Values in the cells indicate average execution times (over ten instances) in seconds for the
non-timed-out executions. Cells labeled with ’(TO)’ indicates that all executions of corresponding
instances exceeded time/memory limit
problem
saturation
method

fuzzy graph coloring
no
yes
δ σ
δ σ

fuzzy set cover
no
yes
δ σ
δ
σ

1
n = 20 2.9 1.7 2.7 1.8 n = 10
2
n = 30 6.6 3.8 6.1 3.8 n = 15
n = 40 10.6 5.7 10.7 6.1 n = 20
3
n = 50 19.8 11.5 23.0 11.0 n = 25
4
5
n = 60 34.8 17.7 36.0 20.4 n = 30
6
n = 70 53.4 25.4 55.3 28.2 n = 35
n = 80 74.8 33.9 76.1 41.1 n = 40
7
δ = no shifting, σ = with shifting applied

7.9
13.4
18.2
29.8
71.4
(TO)
(TO)

5.2
6.5
9.6
13.4
17.6
22.3
27.8

8.2
17.3
17.4
30.1
71.4
(TO)
(TO)

7.9
17.1
17.3
29.9
70.6
(TO)
(TO)

From the result, we can see that when SRCF detection and shifting are used, execution times are generally lower than when only minimality checks are used, even when
saturation rules are present. This is especially true for the instances of the fuzzy graph
coloring problem. The use of program decomposition/modularity analysis to separate
program components that are SRCF from those that are non-SRCF can be beneficial
since this means we can isolate the need for minimality checks to only those non-SRCF
components, while the rest can be evaluated as normal programs after performing the
shifting operation. For the set covering problem, we see no significant improvement
in the running time when using the shifting operator for instances with saturation, one

of the reasons being that the instances are such that minimality checks are needed regardless of what method is used (due to the fact that most components are non-SRCF).
However, for the non-saturated instances, again we still see a clear advantage of using
SRCF detection and shifting.

5

Conclusion

In this paper, we have identified a large class of disjunctive FASP programs, called
SRCF programs, which can be efficiently evaluated by reducing them to equivalent
normal FASP programs. We also proposed a method to perform a minimality check to
determine the answer sets of non-SRCF programs based on a MIP formulation, and we
showed how we can decompose FASP programs to further increase the applicability
of our approach. We have implemented our approach on top of a current FASP solver,
and integrated a MIP solver into the system to allow efficient minimality checking.
To the best of our knowledge, our implementation represents the first FASP solver to
allow evaluation rules with disjunctions in the body and/or in the head. We have also
performed a benchmark testing of the proposed methods to measure their computational
efficiency. Our result indicates that identifying SRCF components of a FASP program
allows us to evaluate the program more efficiently.
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